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Constrained knots in lens spaces
Fan Ye
Abstract
This paper studies a special family of (1,1) knots called constrained knots, which includes 2-
bridge knots and simple knots. They are parameterized by five parameters and characterized
by the distribution of spinc structures of intersection points in (1,1) diagrams. Their knot
Floer homologies are calculated and the complete classification is obtained. Some examples
of constrained knots come from links related to 2-bridge knots and 1-bridge braids. As an
application, Heegaard Floer theory is studied for orientable 1-cusped hyperbolic manifolds that
have ideal triangulations with at most 5 ideal tetrahedra.
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1. Introduction
This paper studies a special family of knots in lens spaces called constrained knots. Suppose
pT 2, α0, β0q is the standard diagram of a lens space Lpp, qq and α1 “ α0. Let β1 be a simple
close curve on T 2 that is disjoint with β0 and rβ1s “ rβ0s P H1pT 2;Zq. Then pT 2, α1, β1q is
also a Heegaard diagram of Lpp, qq. Let z and w be two basepoints in T 2 ´ α0 Y β0 Y β1. The
knot defined by pT 2, α1, β1, z, wq is called a constrained knot and the diagram is called the
standard diagram of the constrained knot. If not mentioned, the orientation of the knot is
omitted. Constrained knots are parameterized by five parameters. Suppose they are denoted
by Cpp, q, l, u, vq. An example is shown in Figure 1, where pT 2, α0, β0q is the standard diagram
of Lp5, 2q and pT 2, α1, β1, z, wq defines Cp5, 3, 2, 3, 1q.
(1,1) knots are parameterized by four parameters [35]. Suppose they are denoted by
W pp, q, r, sq (c.f. Figure 2). After rotation, standard diagrams of constrained knots are special
cases of (1,1) diagrams. On the other hand, the following proposition characterizes constrained
knots by spinc structures of intersection points in (1,1) diagrams.
Proposition 1.1. Suppose W pp, q, r, sq Ă Lpa, bq with a ą 1 and pT 2, α, β, z, wq the cor-
responding (1,1) diagram. Let xi be intersection points in αX β and si “ szpxiq, ordered by
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some orientation of α. If there are integers 0 ă p1 ă p2 ă ¨ ¨ ¨ ă pa ď p such that si “ sj if and
only if i, j P p0, p1s Y ppa, ps or ppl, pl`1s for some l, then W pp, q, r, sq is a constrained knot.
For i “ 1, 2 and pp1, q1, r1, s1q ‰ pp2, q2, r2, s2q, knots W ppi, qi, ri, siq can denote the same
knot. For example, both W p5, 2, 1, 3q and W p5, 2, 0, 1q denote the figure-8 knot. There is
no explicit classification of (1,1) knots by W pp, q, r, sq. However, it is possible to classify
constrained knots by Cpp, q, l, u, vq. In particular, knots Cp1, 0, 1, u, vq consist of 2-bridge knots
and Cpp, q, l, 1, 0q consist of simple knots, which are classified by [38] and [36], respectively.
Knots Cpp, q, 1, u, vq consist of connected sums of a core knot in a lens space and a 2-bridge
knot. For other constrained knots, the classification is given by the following theorem.
Theorem 1.2. Given pp1, q1, l1, u1, v1q ‰ pp2, q2, l2, u2, v2q with pi, li ą 1, ui ą 2vi ą 0 for
i “ 1, 2, two constrained knots Cppi, qi, li, ui, viq represent the same knot if and only if
pp1, u1, v1q “ pp2, u2, v2q, q1q2 ” 1 pmod piq and l1 “ l2 P t2, pu.
Figure 1. Constrained knot in Lp5, 2q
Figure 2. (1,1) diagram
Knot Floer homology [29, 34] is a powerful invariant for knots in 3-manifolds. It inherits
two gradings, the Alexander grading and the Maslov grading, from the chain complex.
Definition 1. SupposeK Ă Y is a knot and s P SpincpY q. Both gradings on {HFKpY,K, sq
are affine on Z. The knot is called an s-thin knot if the difference of two gradings is independent
of generators. It is called a thin knot if it is an s1-thin knot for any s1 P SpincpY q.
This definition generalizes δ-thin knots [35] (equivalently Floer homological thin knots
[23]) in S3. Examples of thin knots include all quasi-alternating knots [23], in particular all
2-bridge knots.
For a thin knot K Ă S3, the chain complex CFK´pS3,Kq is determined by ∆Kptq and
the signature σpKq up to chain homotopy [32]. It is easy to draw the set of immersed curvesyHF pEpKqq (also called the curve invariant, c.f. [15, 16]) in BEpKqzz, which consists of some
figure-8 curves and a distinguished curve from the staircase.
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For (1,1) knots, a combinatorical method is established to calculate knot Floer homology
[13]. This method applies well to constrained knots. Indeed, for K “ Cpp, q, l, u, vq Ă Y and
s P SpincpY q, knot Floer homology {HFKpY,K, sq is determined by Alexander polynomials of
2-bridge knots K1 “ bpu, vq and K2 “ bpu´ 2v, vq. In particular, the genus and the fibreness
of constrained knots are determined [26, 27, 20].
Proposition 1.3. Constrained knots are thin.
Results about thin complexes apply to constrained knots. The relation between K1 and
K2 implies |σpK1q ´ σpK2q| ď 2. Thus σpKiq are both nonpositive or nonnegative for i “ 1, 2
because σpKiq are even. The absolute Alexander grading can be calculated by the standard
diagram. Then curve invariants of constrained knots are easily drawn and much information
about Heegaard Floer theory of constrained knots can be obtained.
The symmetry of {HFKpS3,Kiq for i “ 1, 2 induces a local symmetry on {HFKpY,K, sq.
The Alexander grading ApK, sq fixed by this symmetry is called the middle grading.
Theorem 1.4. For i “ 1, 2, let Ki “ Cppi, qi, li, ui, viq Ă Y be constrained knots with
rK1s “ rK2s P H1pY ;Zq. Suppose the absolute Alexander grading of {HFKpY,Kiq is fixed by
the global symmetry. Then ApK1, sq “ ApK2, sq for any s P SpincpY q.
As a byproduct, the following theorem provides a clue for Berge’s conjecture [3].
Theorem 1.5. Suppose K Ă Y “ Lpp, qq is a knot and K 1 Ă Y is a simple knot with
rK 1s “ rKs P H1pY ;Zq. If {HFKpY,Kq – Zp, then {HFKpY,Kq – {HFKpY,K 1q with respect
to the Alexander grading.
Conjecture 1 [1, 18]. Suppose K Ă Y “ Lpp, qq is a knot. If {HFKpY,Kq – Zp, then K
is a simple knot.
Figure 3. Magic link Figure 4. 1-bridge braid
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Dehn surgery on classes of links in S3 gives some examples of constrained knots.
The first class of links is inspired by the relation between constrained knots and 2-bridge
knots. A magic link is a 3-component link as shown in Figure 3, where K0 is a 2-bridge
knot, K1 and K2 are unknots. Dehn surgeries on K1 and K2 induce a lens space, in which K0
becomes a knot K 10.
Theorem 1.6. Suppose p ą q ą 0, gcdpp, qq “ 1, integers n1 P r0, pq q, n2 P r0, pp´q q and
K0 “ bpu, vq. For l “ n1q ` 1, p´ n1q ` 1, n2pp´ qq ` 1, p´ n2pp´ qq ` 1, the knot Cpp, q, l, u, vq
is equivalent to K 10 for some Dehn surgeries on K1 and K2 in a magic link.
The second class of links is from 1-bridge braids. Suppose K0 Ă H – S1 ˆD2 is a 1-bridge
braid, H is embedded in R3 Ă S3 in a standard way and K1 is the core of S3 ´H. Then
L “ K0 YK1 is a 2-component link in S3. An example is given in Figure 4. Dehn filling along
a simple closed curve on BH is equivalent to Dehn surgery on K1. In either case K0 becomes
a knot K 10 in a lens space, which is called a 1-bridge braid knot.
Theorem 1.7. The knot Cpp, q, l, u,˘1q with u ą 1 is a 1-bridge braid knot.
Constrained knots are related with hyperbolic manifolds with simple triangulations. Indeed,
21922 orientable 1-cusped SnapPy manifolds (there are 59068 such manifolds in total [7]) are
complements of constrained knots. The full list can be found in [44].
Proposition 1.8. Curve invariants yHF pMq of all orientable 1-cusped hyperbolic
manifolds that have ideal triangulations with at most 5 ideal tetrahedra, except
m136,m206,m235,m305,m306,m370,m390,m410, can be calculated explicitly.
Proof. There are 286 orientable 1-cusped hyperbolic manifolds that have ideal triangula-
tions with at most 5 ideal tetrahedra. 232 are complements of constrained knots, whose curve
invariants can be calculated by the method in this paper. 37 are Floer simple (by list in [10]) but
not from constrained knots, whose curve invariants can be calculated by [16]. Other manifolds
are listed in the following table ((1,1) parameters are from Dunfield’s codes [44]). The chain
complexes CFK8pY,Kq of (1,1) knots are calculated by [13] and then curve invariants by
[16], while chain complexes of 820, 942, 946 in the table are calculated by [28].
Manifold Comments Manifold Comments
m136 No lens space filling m305 No lens space filling
m137 W p8, 2, 3, 1q Ă S1 ˆ S2 m306 No lens space filling
m199 942 “W p9, 2, 2, 3q Ă S3 m345 W p10, 3, 1, 5q Ă Lp2, 1q
m201 10132 “W p11, 2, 1, 3q Ă S3 m370 p1, 0q filling gives Lp8, 3q
m206 p1, 0q filling gives Lp5, 2q m372 946 “Pretzelp´3, 3, 3q Ă S3
m222 820 “W p9, 3, 0, 2q Ă S3 m389 10139 “W p11, 3, 1, 4q Ă S3
m224 11190 “W p13, 2, 1, 8q Ă S3 m390 p1, 0q filling gives Lp7, 2q
m235 No lens space filling m410 No lens space filling
m304 W p12, 3, 0, 5q Ă Lp2, 1q
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A 2-bridge knot bpu, vq is a torus knot if v ‰ ˘1. Otherwise it is hyperbolic. A similar result
may hold for constrained knots. By codes in [44] and M.verify hyperbolicity() function in
SnapPy, knots Cpp, q, l, u, vq are hyperbolic for p ď 10, l ą 1, u ă 20, v ‰ ˘1.
Theorem 1.9. If Cpp, q, l, u, vq with l ą 1 has Seifert fibered complement, then v “ ˘1.
Conjecture 2. Constrained knots Cpp, q, l, u, vq with l ą 1 and v ‰ ˘1 are hyperbolic.
The remainder of this paper is organized as follows. Section 2 collects some definitions in
3-dimensional topology and facts about (1,1) knots, simple knots and 2-bridge knots. Section 3
describes the parameterization of constrained knots and proves Proposition 1.1. In Section 4, an
algorithm of knot Floer homology of constrained knots is obtained, which induces Proposition
1.3 and the necessary part of Theorem 1.2. Section 5 studies knots in the same homology
class and proves Theorem 1.4 and Theorem 1.5 by Turaev torsions of 3-manifolds. Section
6 finishes the proof of theorem 1.2 by isomorphisms between fundamental groups of knot
complements. The last three sections discuss magic links, 1-bridge braid knots and SnapPy
manifolds, respectively.
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me to this project and guiding me on my research. I am grateful to Nathan Dunfield for sharing
codes about (1,1) knots, Sirui Lu and Muge Chen for helping me calculate many examples by
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Chen for helpful conversations. I would also like to thank my parents and relatives for their
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2. Preliminaries
Suppose gcdpp, qq “ 1. Let α and β be two straight lines in R2 passing the origin with slopes
0 and p{q, and let r : R2 Ñ T 2 be the quotient map induced by px, yq Ñ px`m, y ` nq for
m,n P Z. The Heegaard diagram pT 2, rpαq, rpβqq is called the standard diagram of the lens
space Lpp, qq. The lens space is oriented so that the orientation on the α0-handlebody is induced
from the standard embedding in R3. With this convention, the lens space Lpp, qq comes from
the p{q Dehn surgery on the unknot in S3.
For a submanifold A in a manifold Y , let NpAq denote the regular neighborhood of A in Y .
Suppose Y is a closed 3-manifold and K is a knot in Y . Let EpKq denote the knot complement
Y ´NpKq of K.
Suppose Y is a lens space and K is a knot. There are two standard choices of peripheral
structures. On the one hand, let m and l be simple closed curves on BEpKq such that Dehn
filling along m gives Y and m ¨ l “ ´1. They are called the meridian and the longitude of
the knot K, respectively. And pm, lq is called the canonical basis of BEpKq.
On the other hand, let m˚ and l˚ be simple closed curves on BEpKq such that l˚
represents the generator of KerpH1pEpKq;Qq Ñ H1pY ;Qqq and m˚ ¨ l˚ “ ´1. They are called
the homological meridian and the homological longitude of the knot K, respectively.
And pm˚, l˚q is called the homological basis of BEpKq.
The choices of l and m˚ are not unique. The longitude l is isotopic to K while m˚ does not
have geometric meaning. Sometimes (e.g. in S3) these two peripheral structures are equal. If
not mentioned, the peripheral structure is considered in the canonical basis.
The knot K is called a trivial knot or a unknot if it bounds a disk embedded in Y . It is
called a core knot if EpKq is homeomorphic to a solid torus. It is called a split knot if Y
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contains a sphere which decomposes Y into a punctured lens space and a ball containing K
in its interior. It is called a composite knot if Y contains a 2-sphere S which intersects K
transeversely in two points and S X EpKq is B-incompressible in EpKq. It is called a prime
knot if it is not composite.
The knot K is called a pp, qq torus knot in Y if K can be isotoped to lie on the Heegaard
torus as an essential curve with slope p{q in the standard diagram. The unknot is considered
to be a torus knot. Complements of torus knots in lens spaces are Seifert fibered.
The knot K is called a satellite knot if EpKq has an essential torus. For q ą 1, the space
Cp,q is obtained by removing a regular fiber from a solid torus with a pp, qq fibering and is called
a cable space of type pp, qq. The knot K is called a pp, qq cable knot on K0 if K0 is knot in Y
such that EpKq “ EpK0q Y Cp,q. In this case, the knot K lies as an essential curve on BNpK0q,
and K is neither a longitude nor a meridian of K0. It is well-known that composite knots are
satellite knots. And a cable knot on K0 with EpK0q having a incompressible boundary is also
a satellite knot.
2.1. (1,1) knots
A knot K in a closed 3-manifold Y has tunnel number one if there is a properly embedded
arc γ in EpKq such that EpKq ´Npγq is a genus two handlebody. Equivalently, EpKq admits
a genus two Heegaard splitting. The arc γ is called an unknotting tunnel for K. A proper
embedded arc γ in a handlebody H is called a trivial arc if there is an embedded disk D Ă H
satisfying BD “ γ Y pD X BHq. The disk D is called the cancelling disk of γ. A knot K in
a 3-manifold Y admits a (1,1) decomposition if there is a genus one Heegaard splitting
Y “ H1 YT 2 H2 such that K XHi is a properly embedded trivial arc ki in Hi for i “ 1, 2. In
this case, Y is either S3, a lens space, or S1 ˆ S2. A knot K that admits a (1,1) decomposition
is called a (1,1) knot. Any p1, 1q knot has tunnel number one.
Proposition 2.1 [42]. If a nontrivial knot in a lens space has tunnel number one, then
the complement is irreducible. Consequently, the complement is a Haken manifold.
(1,1) knots are parameterized by doubly-pointed Heegaard diagrams. The orientation of the
knot is unimportant so it is free to swap two basepoints.
Proposition 2.2 [13, 35]. For p, q, r, s ě 0,  P t˘u satisfying 2q ` r ď p and s ă p, a (1,1)
decomposition of a knot determines and is determined by a doubly pointed diagram. After
isotopy, such a diagram looks like pT 2, α, β, z, wq in Figure 2, where p is the total number of
intersection points, q is the number of strands around either basepoint, r is the number of
strands in the middle band, and the i-th point on the right-hand side is identified with the
pi` sq-th point on the left-hand side.
Let W pp, q, r, sq “W pp, q, r, sq` denote the (1,1) knot from Figure 2, and let W pp, q, r, sq´
denote the knot from the diagram vertically symmetric to Figure 2. The diagrams are called
(1,1) diagrams. In the diagram, strands around basepoints are called rainbows and strands
in the bands are called stripes. The roles of α and β curves here are different from those in
[35]. For the same parameters, the knot is the mirror image of that in [35].
Proposition 2.3. There are relations among (1,1) knots:
(i) W pp, q, r, sq` is the mirror image of W pp, q, r, p´ sq´;
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(ii) W pp, q, r, sq` is equivalent to W pp, q, p´ 2q ´ r, s´ 2qq´. Thus W pp, q, r, sq` is the
mirror image of W pp, q, p´ 2q ´ r, p´ s` 2qq`.
Proof. The first relation is from the vertical symmetry. The second relation is from
redrawing the diagram so that the lower band becomes the middle band and the middle band
becomes the lower band.
Definition 2. For a closed 3-manifold Y , consider Heegaard Floer homology yHF pY q
defined in [31]. A closed 3-manifold Y is called an L-space if yHF pY, sq “ Z for any s P
SpincpY q. A knot K in an L-space Y is called an L-space knot if a nontrivial Dehn surgery
on K gives an L-space.
Theorem 2.4 [14]. A (1,1) knot is an L-space knot if and only if in the corresponding
(1,1) diagram with any orientation of β, all of rainbows around a fixed basepoint are oriented
in the same way.
Definition 3 [36]. Let pT 2, α, βq be the standard Heegaard diagram of Lpp, qq and let
Pipi P Z{pZq be components of T 2 ´ α0 Y β0, ordered from left to right. Let z be a point in
P1 and w be a point in Pk`1. The knot defined by pT 2, α, β, z, wq is called a simple knot
Spp, q, kq.
Proposition 2.5 [36]. There are relations among Spp, q, kq:
(i) Spp, q,´kq is the orientation-reverse of Spp, q, kq;
(ii) Spp,´q,´kq is the mirror image of Spp, q, kq;
(iii) Spp, q, kq – Spp, q1, kq1q, where qq1 ” 1 pmod pq.
The homology class rSpp, q, kqs in H1pLpp, qq;Zq is krbs, where b is the core curve of β-handle.
The simple knots Spp, q, k1q and Spp, q, k2q represent the same homology class if and only if
k1 ” k2 pmod pq. Thus, there is no relation other than relations in Proposition 2.5.
2.2. 2-bridge knots
This section reviews some classical facts of 2-bridge links. Proofs can be found in [33, 6, 25].
Definition 4. Suppose h is the height function given by the z-coordinate in R3 Ă S3. A
knot or a link in S3 is called a 2-bridge knot or a 2-bridge link if it can be isotoped in a
presentation so that h has two maxima and two minima on it. Such a presentation is called
the standard presentation.
A 2-bridge link has two components, either of which is an unknot. Suppose gcdpa, bq “ 1
and a ą 1. For every oriented lens space Lpa, bq, there is a unique 2-bridge knot or link bpa, bq
with the branched double cover Lpa, bq. It is a knot if a is odd, and a link if a is even. Thus,
the classification of 2-bridge knots or links depends on the classification of lens spaces [5]. For
i “ 1, 2, two 2-bridge knots or links bpai, biq is the same if and only if a1 “ a2 “ a and b1 ” b˘12pmod aq.
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Figure 5.
Standard
presentation of a
2-bridge link
Figure 6. Schubert normal form
of Kp3, 1q Figure 7. Heegaard diagram of
EpKp3, 1qq
Suppose a{b is represented as the continued fraction
r0; a1,´a2, . . . , p´1qm`1ams “ 0` 1
a1 ´ 1a2´ 1a3´¨¨¨
.
The standard presentation of a 2-bridge knot or link bpa, bq looks like Figure 5, where ai for
i P r1,ms represent numbers of half-twists in the boxes. Different choices of continued fractions
give the same knot or link. The numbers p´1qi`1ai can be all positive, which implies any
2-bridge knot or link is alternating.
The knot or link bpa, bq admits another canonical presentation known as the Schubert
normal form. It induces a Heegaard diagram of Epbpa, bqq and a doubly-pointed Heegaard
diagram of bpa, bq. Figure 6 gives an example of the Schubert normal form and Figure 7 is the
corresponding Heegaard diagram of the knot complement. The corresponding doubly-pointed
Heegaard diagram is obtained by replacing α2 by two basepoints z and w. Two horizontal
strands in the Schubert normal form are arcs near two maxima in the standard presentation.
Thus, two 1-handles attaching to points w, z and x, y in Figure 7 are neighborhoods of these
arcs, respectively.
Proposition 2.6 [19, 25]. Suppose K “ bpa, bq with b odd and |b| ă a. The symmetrized
Alexander polynomial ∆Kptq and the signature σpKq are from the following formula:
∆Kptq “ t´σpKq2
u´1ÿ
i“0
p´1qit
ři
j“0p´1qt
iv
u
u
, σpKq “
u´1ÿ
i“1
p´1qt ivu u.
Proposition 2.7 [8, 17]. Let K be a (1,1) knot in a lens space. Then K is a split knot if
and only if K is the unknot. And K is composite if and only if it is the connected sum of a
2-bridge knot and a core knot of a lens space.
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3. Parameterization and characterization
Consider the standard diagram pT, α1, β1, z, wq of a constrained knot in Lpp, q1q, where qq1 ”
1 pmod pq. The curves α0 and β0 divide T 2 into p regions, which are parallelograms in Figure 1.
A new diagram C is obtained by gluing top edges and bottom edges of parallelograms. Shaped
into a square, an example of the diagram C is shown in Figure 8.
Figure 8. Heegaard diagram of Cp5, 3, 2, 3, 1q
For i P Z{pZ, let Di be rectangles ordered from the bottom edge to the top edge. With this
convention, the right edge of Dj is glued to the left edge of Dj`q. The bottom edge eb of D1 is
glued to the top edge et of Dp. In this new diagram C, the curve α1 is the union of p horizontal
lines and β1 is the union of strands which are disjointed with vertical edges of Di.
Similar to the definition in (1,1) knots, strands are called rainbows and stripes. Boundary
points of a rainbow or stripe are called rainbow points or stripe points, respectively.
Rainbows must bound basepoints, otherwise they can be removed by isotopy. Numbers of
rainbows on eb and et are the same. Without loss of generality, suppose z is in all rainbows
on eb and w is in all rainbows on et. Let x
b
i , x
t
i for i P r1, us be boundary points on the bottom
edge and the top edge, respectively, ordered from left to right.
Lemma 3.1. The number u of boundary points on eb or et is odd. When u “ 1, there is no
rainbow and only one stripe. When u ą 1, there exists an integer v P p0, u{2q such that one of
the following cases happens:
(i) the set txbi |i ď 2vu Y txti|i ą u´ 2vu contains all rainbow points;
(ii) the set txti|i ď 2vu Y txbi |i ą u´ 2vu contains all rainbow points.
Proof. The algebraic intersection number of β1 and eb is odd, so is u. The second assertion
is clear. For the last assertion, at first, if both xbi and x
b
j are boundary points of the same
rainbow R, then xbkpi ă k ă jq are all rainbow points, otherwise the stripe corresponding to
the stripe point xbk would intersect with R. Thus, rainbow points on eb are consecutive. The
same assertion holds for xti.
Secondly, one of xb1 and x
t
1 must be a rainbow point. Indeed, if this were not true, then
both xb1 and x
t
1 would be stripe points. They cannot be boundary points of the same stripe,
otherwise β1 would not be connected. They cannot be boundary points of different stripes,
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otherwise the two corresponding stripes would intersect with each other. Thus, the assumption
is false. Similarly, one of xbu and x
t
u must be a rainbow point.
Finally, if xb1 is a rainbow point, then x
b
u cannot be a rainbow point, otherwise all points
were rainbow points. By the result of the above paragraph, the point xtu is a rainbow point.
Since the number of rainbow points on et is even, there exists v satisfying Case (i). On the
other hand, if xt1 is a rainbow point, there exists v satisfying Case (ii).
When u “ 1, by isotoping β1, suppose the unique stripe c is a vertical line in C ´ tz, wu. By
moving z through the left edge or the right edge if necessary, suppose basepoints z and w are
in different components of C ´ c. If z is on the left of the stripe, let v “ 0. If z is on the right
of the stripe, let v “ 1.
When in Case (i), rainbows on eb connects x
b
i to x
b
2v`1´i, rainbows on et connects xtu`1´i to
xtu´2v`i for i P r1, vs, and stripes connects xbj to xtu`1´j for j P r2v ` 1, us. When in Case (ii),
the setting is obtained by replacing i and j by u` 1´ i and u` 1´ j, respectively.
Without loss of generality, suppose z is in D1, and w is in Dl. In this case, constrained knots
in Lpp, q1q can be parameterized by the tuple pl, u, vq for Case piq and pl, u,´vq for Case piiq.
Since β1 is connected, gcdpu, vq “ 1. In summary, the following theorem holds.
Theorem 3.2. Constrained knots are parameterized by pp, q, l, u, vq, where gcdpp, qq “
gcdpu, vq “ 1, p ą 0, q, l P Z{pZ, u is odd and v P t0, 1u if u “ 1 and v P Z{uZ´ t0u if u ą 1.
Let Cpp, q, l, u, vq denote constrained knots. When considering the orientation, let
Cpp, q, l, u, vq` denote the knot induced by pT, α1, β1, z, wq and Cpp, q, l, u, vq´ denote the knot
induced by pT, α, β, w, zq. For p ă 0, let Cpp, q, l, u, vq denote Cp´p,´q, l, u, vq.
Remark 1. The knot Cpp, q, l, u, vq is in Lpp, q1q, where qq1 ” 1 pmod pq. Though Lpp, qq is
diffeomorphic to Lpp, q1q, constrained knots Cpp, q, l, u, vq and Cpp, q1, l, u, vq may be different.
The following proposition follows from the vertical symmetry of standard diagrams of
constrained knots, which enable us to only consider Cpp, q, l, u, vq with 0 ď 2v ă u.
Proposition 3.3. Cpp,´q, l, u,´vq is the mirror image of Cpp, q, l, u, vq for u ą 1.
Cpp,´q, l, 1, 1q is the mirror image of Cpp, q, l, 1, 0q.
Proposition 3.4. Cp1, 0, 1, u, vq – bpu, vq.
Proof. By cutting along α1 and a small circle around x in Figure 7, the doubly-pointed
diagram of a 2-bridge knot can be shaped into a square. The relation is clear from the diagram.
Proposition 3.5. For any fixed orientation of α1 and β1 in the standard diagram of a
constrained knot, points xbi has alternating signs and adjacent strands of β1 in the new diagram
C has opposite orientations.
Proof. For Cpp, q, l, u, vq, the curve β1 in the new diagram C is the same as the curve β in
the doubly-pointed Heegaard diagram of bpu, vq. Thus, it is sufficient to consider the 2-bridge
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knot Cp1, 0, 1, u, vq – bpu, vq. The Schubert normal form bpu, vq of is the union of two dotted
horizontal arcs behind the plane and two winding arcs on the plane. Suppose γ is one of the
winding arc. Then β1 “ BNpγq cuts the plane into two regions. Points x and y in Figure 7 are
in different regions and points xbi are on the arc connecting x to y. It is clear that signs of x
b
i
are alternating. The orientations on strands of β1 are induced by signs of x
b
i .
Proposition 3.6. Suppose 0 ď 2v ă u, q1 P r0, pq satisfies qq1 ” 1 pmod pq, qi P r0, pq
satisfies qi ” iq1 pmod pq and k P r1, ps satisfies k ´ 1 ” pl ´ 1qq1 pmod pq. Let
n1 “ #ti P r0, l ´ 1s|qi P r0, k ´ 1su and n2 “ #ti P r0, l ´ 1s|qi P r1, q1 ´ 1su.
Then Cpp, q, l, u, vq –W ppu´ 2vpl ´ 1q, v, uk ´ 2vn1, uq1 ´ 2vn2q.
Proof. This is from counting numbers of rainbows and stripes.
Proof of Theorem 1.9. By Proposition 3.5 and Theorem 2.4, a constrained knot is an L-
space knot if and only if pu, vq “ p1, 0q, p1, 1q or v “ ˘1. Knots with Seifert fibered complements
are L-space knots.
Proposition 3.7. Suppose qq1 ” 1 pmod pq. There are relations:
(i) Spp, q, kq – Cpp, q1, l, 1, 0q`, where k ´ 1 ” pl ´ 1qq pmod pq;
(ii) Spp, q, kq – Cpp, q1, l, 1, 1q`, where k ` 1 ” pl ´ 1qq pmod pq.
Figure 9. Sp5, 2, 1q – Cp5, 3, 4, 1, 0q`(regions P1, P4 and P 11 are indicated by shadow)
Proof. Consider α “ α0 “ α1, β0 and β1 in the definition of constrained knots. When u “ 1,
the curve β1 is parallel to β0. Consider components P
1
i of T
2 ´ αY β0, ordered from left to
right with z P P1 X P 11. Suppose yi are intersection points of α and β1 on the bottom edge of
P 1i . The strand ci “ β1 X P 1i connects yi to yi`q, so the strand β1 XDl in the new diagram C
is c1`pl´1qq. When v “ 0, the other basepoint w is in Ppl´1qq`2, so k ” pl ´ 1qq ` 1 pmod pq.
When v “ 1, the other basepoint w is in Ppl´1qq, so k ” pl ´ 1qq ´ 1 pmod pq.
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Corollary 3.8. Suppose qq1 ” 1 pmod pq. There are relations:
(i) Cpp, q, l, 1, 0q – Cpp, q, l ` 2q, 1, 1q;
(ii) Cpp, q, l, 1, 0q` – Cpp, q,´2q ` 2´ l, 1, 0q´;
(iii) Cpp, q, l, 1, 0q is the mirror image of Cpp,´q, l ` 2q, 1, 0q – Cpp,´q, l, 1, 1q;
(iv) Cpp, q, l, 1, 0q – Cpp, q1, q1l ´ 2q1 ` 2, 1, 0q;
(v) Spp, q, kq – Spp, q1, kq1q – Cpp, q, k ´ q ` 1, 1, 0q`.
Proof. These relations follow from Proposition 2.5 and Proposition 3.7.
Corollary 3.9. The knot Cpp, q,´q ` 1, 1, 0q is an unknot and Cpp, q, l, 1, 0q for l “
1,´2q ` 1,´q ` 2,´q is a core knot of Lpp, q1q.
Proof. The unknot case is obtained by supposing k “ 0 in Corollary 3.8. The core knot
cases are obtained by supposing k “ ˘1,˘q in Corollary 3.8.
Proposition 3.10. For K “ Cpp, q, l, 1, 0q,
H1pEpKq;Zq – xras, rmsy{ppras ` krmsq – Z‘ Z{ gcdpp, kqZ,
where m is the circle in Figure 9, a is the core curve of α0-handle and k P p0, ps satisfies
k ´ 1 ” pl ´ 1qq´1 pmod pq.
Proof. This follows from Proposition 3.7 and results in [36] Section 3.3.
Proof of Proposition 1.1. For simplicity, intervals are considered in Z{pZ. In particular, let
ppa, p1s denote p0, p1s Y ppa, ps. Consider intersection points xi as shown in Figure 2.
Firstly, spinc structures si are equal for all i P rr ` 1, r ` 2qs. Indeed, for i P r1, qs, the points
xr`i and xr`2q`1´i are boundary points of a rainbow, i.e. there is a holomorphic disk connecting
xr`i to xr`2q`1´i. Thus sr`i “ sr`2q`1´i. If q “ 1, this assertion is trivial. If q ą 1 and the
assertion did not hold, then there must be an integer q0 and two spin
c structures sA, sB such
that si “ sA for all i P rr ` q0, r ` 2q ` 1´ q0s and sj “ sB for all j R rr ` q0, r ` 2q ` 1´ q0s,
which implies a “ 2. Since spinc structures of two boundary points of a stripe are different,
for all i P r2q ` 1´ s, p´ ss, spinc structures si are different from sB . Thus si “ sA for all i P
r2q ` 1´ s, p´ ss. For i P r1, qs, points xi´s and x2q`1´i´s are boundary points of a rainbow, so
si´s “ s2q`1´i´s. Since there are 2q0 points corresponding to sA, integers q0 should satisfy the
inequality 2q0 ą p´ 2q. For i P rq ` q0 ´ p{2, qs, points xi´s and x2q`1´i´s correspond to sB . In
particular, points xr`1 and xr`2q are identified with x2q`1´i0´s and xi0´s for i0 “ q ` q0 ´ p{2,
respectively. Let R1 be the rainbow with boundary points xr`1 and xr`2q, R2 be the rainbow
with boundary points x2q`1´i0´s and xi0´s. The union of R1 and R2 becomes a component of
β, which contradicts the assumption that β only has one component.
By the similar proof, the spinc structures si are equal for all i P r1´ s, 2q ´ ss. By this
discussion, for any i P r1, ks,
pi ‰ r ` 1, r ` 2, . . . , r ` 2q ´ 1, 1´ s, 2´ s, . . . , 2q ´ 1´ s.
Suppose yi, i P r1, ks are points on α between xpi and xpi`1. If pi ‰ r, r ` 2q, p, then pi and
pi ` 1 must be boundary points of two successive stripes. Suppose xj and xj`1 are the other
boundary points of these stripes, respectively. There must be a point yj between xj and xj`1
because sj ´ sj`1 “ spi ´ spi`1 ‰ 0. Let bi be a strand connecting yi to yj which is disjointed
with β.
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Suppose pi “ p. If r ‰ 0 and p´ 2q ´ r ‰ 0 there are stripes connecting sp to sp´s, s1 to
s2q`1´s, respectively. Thus sp´s ´ s2q`1´s “ sp ´ s1 ‰ 0. There is a point yj between xp´s
and x1´s or x2q´s and x2q`1´s for some j. Only one case will happen because the number
of intersection points corresponding to any fixed spinc structure is odd. Let bi be a strand
connecting yi to yj which is disjointed with β. If either r “ 0 or p´ 2q ´ r “ 0, by choosing
different stripes, the inequality sp´s ´ s2q`1´s ‰ 0 still holds. The point yj and the strand bi
can also be found. This is also true for pi “ r, r ` 2q.
Let β0 be the union of bi. Without considering basepoints, β0 is isotopic to β. Thus it has only
one component. Finally, the curves β0, α, β can be identified with β0, α1, β1 in the definition of
constrained knots.
4. Knot Floer homology
Heegaard Floer homology is an invariant for closed 3-manifolds discovered by Oszva´th and
Szabo´ [31, 30]. It is generalized to knot Flor homology [29, 34], bordered Floer homology [21]
and immersed curves for manifolds with torus boundary [15, 16]. Good survey includes [22].
Suppose K “ Cpp, q, l, u, vq is in Y “ Lpp, q1q, H1 “ H1pEpKq;Zq and {HFKpKq “{HFKpY,Kq for abbreviation. Let grpxq be the Alexander grading of x.
The Alexander grading is related to SpincpY,Kq, which is an affine space over H1 “
H1pEpKq;Zq. Two elements f1 and f2 in ZrH1s are equivalent, denoted by f1 „ f2, if there
exists g P ˘H1 such that f1 “ gf2. The Euler characteristic χp{HFKpKqq is an element in ZrH1s
up to equivalence. For fixed t0 P SpincpY,Kq and h P H1, suppose h “ t´ t0. The coefficient of
h in χp{HFKpKqq is χp{HFKpK, tqq, which is with respect to the Mod 2 Maslov grading.
As shown in Figure 8 and Figure 10, for j P Z{pZ, i P r1, upjqs, suppose ej is the top edge of
Dj and x
j
i is the intersection point of e
j and β1. Let x
j
middle “ xjpupjq`1q{2 be middle points. It
is clear that szpxj1i1 q “ szpxj2i2 q if and only if j1 “ j2. Let sj “ szpxji q for any i.
Figure 10. Heegaard diagram of EpCp5, 3, 2, 3, 1qq
Lemma 4.1. For K “ Cpp, q, l, u, vq with u ą 1 and 0 ă 2v ă u, suppose k P p0, ps satisfies
k ´ 1 ” pl ´ 1qq´1 pmod pq, k1 “ k ´ 2 if v is odd and k1 “ k if v is even, and d “ gcdpp, k1q.
The homology H1 is xras, rmsy{ppras ` k1rmsq – Z‘ Z{dZ, where m is the circle in Figure 10
and a is the core curve of α0-handle.
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Proof. Suppose β1 is oriented so that the orientation of the middle stripe is from bottom
to top. Let rβ1pp, q, l, u, vqs denote the homology class of β1 corresponding to Cpp, q, l, u, vq.
By Proposition 3.5, if v is odd, rβ1pp, q, l, u, vqs ` 2rms “ rβ1pp, q, l, 1, 0qs and if v is even,
rβ1pp, q, l, u, vqs “ rβ1pp, q, l, 1, 0qs. Then this proposition follows from Proposition 3.10.
Lemma 4.2. ForK “ Cpp, q, l, u, vq with 0 ď 2v ă u, let rms also denote the image of rms in
H1. For any j, {HFKpK, sjq is determined by its Euler characteristic. Moreover, for j P rl, ps,
χp{HFKpK, sjq „ ∆bpu,vqprmsq and for j P r1, l ´ 1s, χp{HFKpK, sjqq „ ∆bpu1,v1qprmsq, where
u1 “ u´ 2v and v1 ” v pmod u1q.
Proof. For j “ rl, ps, the chain complex is similar to that of bpu, vq, the following equation
is obtained by the proof of [33] Proposition 3.1,
grpxji`1q ´ grpxji q “ rmsp´1q
t iv
u
u
.
For j P r1, l ´ 1s, suppose pejq1 is the curve obtained by identifying two endpoints of ej . The
diagram pT 2, pejq1, β1, z, wq corresponds to bpu1, v1q by Lemma 7.5.
Lemma 4.3. Consider k and k1 as above. Let ras, rms also denote images of ras, rms in H1.
For j ‰ 0, l ´ 1, grpxj`1middleq ´ grpxjmiddleq “
#
ras ` rms if jq´1 ” 1, . . . , k ´ 2 pmod pq
ras otherwise.
For l ‰ 1 and j “ 0, l ´ 1, grpxj`1middleq ´ grpxjmiddleq “
#
ras ` rms v even
ras v odd.
For l “ 1, grpxj`1middleq ´ grpxjmiddleq “
#
ras ` rms v even
ras ´ rms v odd.
Proof. For simple knots, the proof is based on Fox calculus (c.f. [36] Proposition 6.1). For
a general constrained knot and j ‰ 0, l ´ 1, the proof in [36] still works because orientations
of strands are alternating. The differences of gradings for j “ 0 and j “ l ´ 1 are the same
because z and w are symmetric by rotation. The proof follows from the following facts
p´1ÿ
j“0
grpxj`1middleq ´ grpxjmiddleq “ 0 P H1, pras ` k1rms “ 0 P H1.
Corollary 4.4. Spinc structures sj P SpincpY q are independent of the choice of pl, u, vq.
Proof. By the map H1pEpKq;Zq{prmsq Ñ H1pY ;Zq, the grading difference grpxj`1middleq ´
grpxjmiddleq is mapped to sj`1 ´ sj , which only depends on the image of ras.
Lemma 4.5. Consider bpu, vq and bpu1, v1q as above. Then
σpbpu1, v1qq “
#
σpbpu, vqq v even
σpbpu, vqq ` 2 v odd. .
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Proof. By the algorithm of the Alexander grading, grpx1u1q ´ grpx0uq “ ras ` rms. From the
rotation symmetry and the formula of signature,
grpx0uq ´ grpx0middleq “ grpx0middleq ´ grpx01q “ σpbpu, vqq2 rms,
grpx1u1q ´ grpx1middleq “ grpx1middleq ´ grpx11q “ σpbpu
1, v1qq
2
rms.
This corollary follows from these equations and Lemma 4.3.
Theorem 4.6. Knot Floer homology {HFKpKq is equivalent to
∆1prmsq
pÿ
j“l
grpxjmiddleq `∆2prmsq
l´1ÿ
j“1
grpxjmiddleq (4.1)
Proof. Since signs of intersection points xji for fixed j are alternating and u ” u1 ” 1
pmod 2q, signs of xj1 and xjupjq are the same. From the diagram, signs of xjupjq for j P r0, ls
are the same and signs of xj1 for j P rl, ps are the same. Then this formula follows from Lemma
4.2.
All terms in Formula 4.1 can be calculated by Lemma 4.3 and Lemma 4.5. Thus an algorithm
of {HFKpKq is obtained. Let signs of xj1 be positive. The absolute grading can be fixed by the
global symmetry, which is also from the rotation symmetry. Then grpxjmiddleq “ ´ grpx2l´jmiddleq
for any j. In this assumption, the result is called the canonical representative of {HFKpKq.
In some cases, the canonical representative admits square roots of elements in H1.
Proof of the necessary part of Theorem 1.2. For i “ 1, 2, if Ki “ Cppi, qi, li, ui, viq are
the same knot, then p1 “ p2 and q1 ” q˘12 pmod piq by the classification of lens spaces. By
comparing knot Floer homologies, there are relations
u1 “ |∆bpu1, v1qp´1q| “ |∆bpu2, v2qp´1q| “ u2,
u1 ´ 2v1 “ |∆bpu11,v11qp´1q| “ |∆bpu12,v12qp´1q| “ u2 ´ 2v2,
and l1 “ l2. Thus pl1, u1, v1q “ pl2, u2, v2q. Moreover, the sets of spinc structures corresponding
to bpu, vq for two constrained knots should be the same. By Corollary 4.4, it is sufficient to
consider simple knots. Let sij be spin
c structures related to diagrams ofKi. As traveling along α1
of K1, middle points are in the order x
0
middle, x
q1
middle, . . . , x
pp´1qq1
middle .Thus s
1
q1`j ´ s1j “ s2j`1 ´ s2j .
The sets ts1j ´ s10 ` s1j ´ s11|j P rl, psu and ts2j ´ s20 ` s2j ´ s21|j P rl, psu are the same. In other
words, numbers in t0, q1, . . . , pp´ lqq1u should be consecutive congruence classes modulo p. By
the following proposition, the only cases are l “ 2 and l “ p.
Proposition 4.7. Suppose 1 ă q ă p´ 1, gcdpp, qq “ 1 and 0 ď k ă p´ 1. There exists an
integer x such that the sets tx, x` 1, . . . , x` ku and t0, q, . . . , kqu can be identified modulo p
if and only if k “ 0, p´ 2.
Proof. If k “ 0, p´ 2, this proposition is trivial. Suppose k ‰ 0, p´ 2. Consider elements
in sets are in Z{pZ in this proof. Let T “ t0, 1, . . . , p´ 1u, Sq “ t0, q, . . . , kqu and Sx “ tx, x`
1, . . . , x` ku. Suppose Sq “ Sx for some x and n “ tp{qu ě 2. If k ď n, then the set Sq cannot
be identified with Sx. Thus k ě n` 1 and t0, q, . . . , nqu Ă Sq “ Sx. The set T ´ Sx “ ty, y `
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1, . . . , y ` p´ k ´ 2u, where y “ x` k ` 1, must be a subset of either tiq ` 1, iq ` 2, . . . , pi`
1qq ´ 1u for some integer i P r0, n´ 1s or tnq ` 1, nq ` 2, . . . , p´ 1u.
If the first case happens with i “ 0, then there exist different integers k0, k1 P r1, ks, such
that y ` q ” k0q, y ` 1` q ” k1q pmod pq. If k0 ą k1, then k0 ´ 1 ě 1 and y P Sq. If k0 ă k1,
then k1 ´ 1 ě 1 and y ` 1 P Sq. Both contradict the assumption.
If the first case happens with i ą 0 or the second case happens, then there exist different
integers k0, k1 P r1, ks, such that y ´ q ” k0q, y ` 1´ q ” k1q pmod pq. If k0 ą k1, then k1 `
1 ď k and y ` 1 P Sq. If k0 ă k1, then k0 ` 1 ď k and y P Sq. Both contradict the assumption.
In summary, for p ą 2q, there is a contradiction if k ‰ 0, p´ 2. If p ă 2q and Sq “ Sx, then
Sp´q “ t´x,´x´ 1, . . . ,´x´ ku “ S´x´k
and p ą 2pp´ qq. By similar discussion, there is also a contradiction.
Suppose qq1 ” 1 pmod pq,K “ Cpp, q, l, u, vq, Y “ Lpp, q1q,M “ EpKq, and rKs “ k1rbs P
H1pY ;Zq, where b is the core curve of β0-handle and (c.f. Lemma 4.1). the curve invariantyHF pMq can be drawn by {HFKpKq. The curve invariant can be decomposed with respect to
SpincpMq, which is affine on H2pM ;Zq. By Poinca´re duality and the long exact sequence from
pM, BMq,
|H2pM ;Zq| “ |H1pM, BM ;Zq| “ |H1pM ;Zq{ ImpH1pBM ;Zqq| “ |TorpH1pM ;Zqq|.
For simplicity, suppose H1pM ;Zq – Z. Then |SpincpMq| “ 1 and gcdpp, k1q “ 1.
The curve invariant can be lifted to R2. Suppose the basis is prl˚s,´rm˚sq, where the
homological meridian m˚ is chosen so that rms “ prm˚s ´ k0rl˚s for some k0 P r0, pq. Consider
lines with the slope p{k0 cutting R2 into bands. Suppose lifts of the basepoint are integer points
and lie on a line with the slope p{k0 in each band. Since yHF pY, sq – Z for any s, the curve
invariant meets each line at one point. In each band, the curve invariant is the union of some
purple figure-8 curves and a distinguished red arc as shown in Figure 11, which corresponds to
squares and the staircase for the thin complex of a 2-bridge knot (c.f. [32]).
Figure 11. Part of the curve invariant of Cpp, q, l, 11, 3q
Lemma 4.8. Suppose H1pM ;Zq – Z and consider k0, k1 as above. Suppose a, b are core
curves of α0, β0 handles corresponding to the standard diagram of Y “ Lpp, q1q. Then
k0qpk1q2 ” ´1 pmod pq and k0 is determined by k1.
Proof. The homology H1pM ;Zq is generated by rm˚s. Let m˜˚ denote the image of rm˚s in
H1pY ;Zq. By Lemma 4.1, ras “ ´k1m˜˚. The relation rbs “ qras implies rKs “ ´qpk1q2m˜˚. Then
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a lift of rKs in H1pT 2;Zq equals to ´qpk1q2rm˚s ` k1rl˚s “ rls for some k1. Since rms ¨ rls “
rm˚s ¨ rl˚s “ 1, there is a relation pk1 ´ k0qpk1q2 “ 1.
For i P Z{pZ, suppose Bi are bands and si P SpincpY q are corresponding spinc structures,
ordered from left to right. By the slope p{k0, the difference si`1 ´ si is k10m˜˚ for k0k10 ” ´1
pmod pq. By the above lemma k10 ” qpk1q2 pmod pq. By definition of k1 in Lemma 4.1,
´qk1 ”
#
´q ´ l ` 1 v even
q ´ l ` 1 v odd pmod pq.
Since ras “ ´k1m˜˚, bands B´iqk1 for i P r1, l ´ 1s corresponds to bpu1, v1q and B´iqk1 for i P rl, ps
corresponds to bpu, vq in yHF pMq. Finally, the absolute Alexander grading indicates how curve
invariants in bands are connected.
5. Knots in the same homology class
For fixed pp, q, u, vq and any h P H1pLpp, q1q;Zq, there is a unique l P r1, ps such that
Cpp, q, l, u, vq is a representative of h. In other words, for any knot K in Lpp, qq, there are
many constrained knots K 1 satisfying rK 1s “ rKs P H1pLpp, qq;Zq. This section discusses about
Turaev torsions (c.f. [40]). For simplicity, suppose τpKq “ τpEpKqq.
Proposition 5.1 [5]. Let K be a knot in an orientable 3-dimensional manifold Y . The
homology H1pEpKq;Zq only depends on the homology class rKs P H1pY ;Zq.
Suppose Y “ Lpp, qq and K is a knot in Y . By Proposition 3.10, Lemma 4.1 and the above
proposition, there exists a positive integer d satisfying H1pEpKq;Zq – Z‘ Z{dZ.
Let m be the meridian of K. Suppose t, r are generators of Z‘ Z{dZ so that H1pEpKq;Zq –
xt, ry{pdrq. Then there exist p0, a P Z such that the above isomorphism sends rms to p0t` ar.
Lemma 5.2. The integer p is divisible by d, and p0 “ ˘p{d. Moreover, the greatest common
divisor of p0, d and a is 1.
Proof. By the isomorphism H1pEpKq;Zq{prmsq – H1pY ;Zq, the order p of H1pY ;Zq is the
same as |detp
„
p0 a
0 d

q| “ |dp0|. If the greatest common divisor of p0, d and a is not 1, then
the Smith normal form of this matrix cannot be
„
1 0
0 p

because elementary transformations
in the algorithm of the Smith normal form does not decrease the common divisor of all entries.
Lemma 5.3. Let K1 and K2 be two knots in Y “ Lpp, qq representing the same homology
class h P H1pY ;Zq and m1,m2 be meridians, respectively. For i “ 1, 2, there are isomorphisms
ji : H1pEpKiq;Zq Ñ Z‘ Z{dZ such that j1prm1sq “ j2prm2sq.
Proof. For i “ 1, 2, there exist isomorphisms j1i : H1pEpKqi;Zq Ñ Z‘ Z{dZ such that
j11prm1sq “ p0t` ar, j12prm2sq “ p10t` br.
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It is sufficient to find an automorphism f of Z‘ Z{dZ such that fpp0t` arq “ p10t` br. By
Lemma 5.2, the integers p0, p
1
0 are in tp{d,´p{du. Let f0 be the automorphism of Z‘ Z{dZ
sending pt, rq to p´t, rq. If p0 “ ´p{d, the map j11 can be replaced by f0 ˝ j11. The same assertion
holds for p10. Without loss of generality, suppose p0 “ p10 “ p{d. Let g “ gcdpp0, dq and p0 “
gp1, d “ gd0. Then gcdpp1, d0q “ 1, and there exist integers x, k0 satisfying x0p1 ` k0d0 “ 1.
By Lemma 5.2, gcdpg, aq “ gcdpg, bq “ 1. There exist integers a0, k1 satisfying a0a` k0g “ b
and gcdpa0, gq “ 1. Let x “ pk0 ´ k2aqx0 and y “ k2g ` a0 for some integer k2. Then
xp0 ` ya ”pk0 ´ k2aqx0gp1 ` pk2g ` a0qa
”pk0 ´ k2aqp1´ k0d0qg ` pk2g ` a0qa
”k0g ` a0a ” b pmod gd0q.
The map
f : Z‘ Z{dZÑ Z‘ Z{dZ
t ÞÑ t` xr
r ÞÑ yr
is an isomorphism if and only if gcdpy, dq “ 1. Since fpt` arq “ t` pxp0 ` yaqr, this lemma
follows from the next proposition.
Proposition 5.4. Suppose gcdpa0, gq “ 1. For any integer d, there exists integer k2
satisfying gcdpy, dq “ 1, where y “ k2g ` a0.
Proof. If q is a prime number satisfying p| gcdpg, dq, then a0 is not divisible by q and neither
is y because gcdpa0, gq “ 1. Then gcdpy, dq “ gcdpy, d{q). Without loss of generality suppose
gcdpg, dq “ 1. By the Chinese remainder theorem, the following congruence equations have a
solution y:
y ” a0 pmod gq, y ” 1 pmod dq.
Then gcdpy, dq “ 1 and k2 “ py ´ a0q{g satisfies the proposition.
For fixed isomorphisms ji in Lemma 5.3, the homology classes of meridians and their images
under ji are identified, i.e. rm1s and rm2s are regarded as the same element rms in Z‘ Z{dZ.
Lemma 5.5. Let K1 and K2 be two knots in Y “ Lpp, qq representing the same homology
class. Let ji be the isomorphisms H1pEpKiq;Zq – Z‘ Z{dZ “ H1 as above. Then τpK1q ´
τpK2q is regarded as an element in ZrH1s{ ˘H1 and τpK1q ´ τpK2q “ p1´ rmsqg for some
g P ZrH1s{ ˘H1.
Proof. For i “ 1, 2, let ei be Euler structures on EpKiq inducing the same Euler structure
eY on Y . According to notations from [40], the integer Kpeiq satisfies
cpeiq “ ei{e´1i P tKpeiq TorsH1.
Since there is a one-to-one correspondence between spinc structures and Euler structures, it
is possible to choose ei so that Kpe1q “ Kpe2q. In the proof of [40] Lemma II.4.5.1(i), Turaev
torsions satisfy
τpEpKiq, eiq P ´ΣH1pt´ 1q´1 ` ZrH1s,
where ΣH “ ΣhPTorsH1h. Thus τpK1, e1q ´ τpK2, e2q P ZrH1s. Moreover, in [40] Section II.4,
for an orientable 3-manifold M with b1pMq “ 1, the polynomial part rτ spM, eq P 12ZrH1s of
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τpM, eq is defined by
rτ spM, eq “ pτpM, eq ` ΣH1pMq
t´ 1 q ˆ
#
t
Kpeq`1
2 Kpeq odd,
t
Kpeq
2 p t`12 q Kpeq even.
(5.1)
By [40] Remark II.4.5.2, for all Euler structures e on M , the polynomial part rτ spM, eq is in
the kernel of the map aug : ZrH1s Ñ Z sending elements in H1 to 1 P Z. Thus
augpτpK1, e1q ´ τpK2, e2qq “ augprτ spK1, e1q ´ rτ spK2, e2qq “ 0.
By [40] Theorem X.4.1,
prpτpK1, e1q ´ τpK2, e2qq “ ´prK1s ´ 1qτpY, eY q ` prK2s ´ 1qτpY, eY q “ 0,
noting κ : QrH1s Ñ QrH1s sending x to x´ augpxqΣH1{|H1| is trivial. Then this lemma follows
from the next proposition.
Proposition 5.6. Let pr : ZrZ‘ Z{dZs Ñ ZrZs be the map between group rings induced
by the composition of maps:
Z‘ Z{dZ –Ñ H1pEpKiq;Zq Ñ H1pEpKiq;Zq{prmisq
–Ñ H1pY ;Zq –Ñ Z{pZ.
Then the kernel of pr is the ideal generated by 1´ rms.
Proof. Suppose Z{pZ “ ts1, . . . , spu and H “ řki“1 aihi is an element in the kernel of pr,
where ai P Z and hi P Z‘ Z{dZ. Let ΘHpsjq be the set consists of all hi satisfying prphiq “ sj
in the summation of H. Then
ř
hiPΘHpsjq hi is also in the kernel for any j. Without loss of
generality, suppose prphiq “ s1 for all hi in the summation of H. Then H “ řk1j“0 bjrmsjh1
because hi “ rmsαpiqh1 for all i. The fact that H is in the kernel implies řk1j“0 bj “ 0, so the
polynomial
řk1
j“0 bjxj has a root x “ 1. In other words,
řk1
j“0 bjxj “ p1´ xqgpxq for some
polynomial gpxq. Thus H “ p1´ rmsqgprmsq.
Lemma 5.7 [37]. Suppose K is a knot in Y “ Lpp, qq and H1 “ H1pEpKq;Zq. Then
χp{HFKpY,Kqq “ p1´ rmsqτpKq as elements in ZrH1s{ ˘H1.
Theorem 5.8. Let K1 and K2 be two knots representing the same homology class in
Y “ Lpp, qq and H1pEpKiq;Zq – Z‘ Z{dZ “ H1. There are some fixed representatives of{HFKpY,Kiq satisfying the following condition: for any s P SpincpY q, there exists a polynomial
fpxq and an element s˜ P H1 such that
χp{HFKpY,K1, sqq ´ χp{HFKpY,K2, sqq “ prms ´ 1q2fprmsqs˜.
Proof. By Lemma 5.5 and Lemma 5.7, for some representatives of {HFKpY,Kiq and
some g P ZrH1s, χp{HFKpY,K1qq ´ χp{HFKpY,K2qq “ prms ´ 1q2g. Any element g P ZrH1s is
a summation
řp
j“1 gj such that terms in gj are in the preimage of hj P H1pY ;Zq. For any j,
there exists a polynomial fjpxq and an element s˜j P H1 such that gj “ fjprmsqs˜j . Thus, the
above equation can be decomposed with respect to spinc structures.
Remark 2. For constrained knots, the representatives in the above theorem can be chosen
as canonical representatives.
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Proof of Theorem 1.4. For i “ 1, 2, suppose gi “ ApKi, sq. There exists s˜ P H1 satisfying
χp{HFKpY,Ki, sqq “ fiprmsqs˜ “ ˘∆iprmsqrmsγi s˜, (5.2)
where ∆iptq are symmetrized Alexander polynomials, and rmsγ1´γ2 “ g1 ´ g2. By Theorem 5.8,
for a large integer N , there is a polynomial fpxq such that xN pf1pxq ´ f2pxqq “ px´ 1q2fpxq.
Then f1p1q “ f2p1q, i.e. signs in Equations 5.2 are the same for i “ 1, 2. Consider derivatives
at x “ 1:
0 “ dpx
N pf1pxq ´ f2pxqqq
dx
“ Npf1p1q ´ f2p1qq ` df1
dx
p1q ´ df2
dx
p1q
“ ˘pd∆1pxq
dx
p1q ´ d∆2pxq
dx
p1q ` γ1∆1p1q ´ γ2∆2p1qq
“ γ1 ´ γ2.
The last equation is from ∆iptq “ ∆ipt´1q and ∆ip1q “ 1.
Proof of Theorem 1.5. The proof is the same as that of Theorem 1.4. Now ∆iptq “ 1.
6. Classification
The Heegaard diagram induces a presentation of the fundamental group. Suppose 0 ď 2v ă
u and K “ Cpp, q, l, u, vq. Consider the diagram pΣ, tα1, α2u, βq of EpKq. Let the innermost
rainbow R0 around w be oriented from the right boundary point xr to the left boundary point
xl. This induces an orientation of β. Let α1 and α2 be oriented from the left vertical edge to
the right vertical edge.
Suppose s and t correspond to cores of α1-handle and α2-handle, respectively. In the above
orientation, a presentation of the fundamental group is xs, t|ω “ 1y, where the word ω is given
in the following way:
(1) starting at xl and traveling along β, suppose intersection points of β X pα1 Y α2q are
ordered as x1, x2, . . . , xm;
(2) if xi is an intersection point of α1 and β, it corresponds to a word s
˘1, where the sign
depends on the contribution of xi in the algebraic intersection number αX β, and the
same argument applies to intersection points of α2 and β;
(3) the word ω is obtained by replacing xi by corresponding words and arranging them in
the given order.
The word ωpp, q, l, u, vq “ ωpCpp, q, l, u, vqq in the above setting is called the standard relation
of the constrained knot Cpp, q, l, u, vq.
For fixed pu, vq, suppose i “ tiv{uu. For fixed pp, q, lq with q, l P p0, pq and gcdpp, qq “ 1,
suppose k P p0, ps satisfies k ´ 1 ” pl ´ 1qq pmod pq and qi P r0, pq satisfies qi ” iq pmod pq. If
qi P r0, kq, suppose θi “ θipp, q, lq “ 1. If qi P rk, pq, suppose θi “ θipp, q, lq “ 0. Let s˚pp, q, lq
and t˚pp, q, lq be words
stθlstθl`1s ¨ ¨ ¨ stθp´1s and tstθ1stθ2s . . . stθl´1st.
Lemma 6.1. For bpu, vq “ Cp1, 0, 1, u, vq, the standard relation ω is s1t2s3 ¨ ¨ ¨ s2u´1t2u .
Proof. This is from the relation between the Schubert normal form of the 2-bridge knot
and the Heegaard diagram.
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Proposition 6.2. For the constrained knot Cpp, q, l, u, vq, let q1 P r0, pq satisfy qq1 ” 1
pmod pq. Suppose s˚ “ s˚pp, q1, lq and t˚ “ t˚pp, q1, lq. If i´1 “ ´i`1, suppose ti# “ ti . If
i´1 “ i`1, suppose ti# “ ti˚ . Then ωpp, q, l, u, vq “ s1˚ t2#s3˚ ¨ ¨ ¨ s2u´1˚ t2u# .
Proof. The diagram of Cpp, q, l, u, vq generalizes the diagram of Cp1, 0, 1, u, vq. Then
ωpp, q, l, u, vq is obtained by replacing s by s˚ and t by t or t˚ in ωp1, 0, 1, u, vq. When
i´1 “ ´i`1, the intersection point is on the rainbow. When i´1 “ i`1, the intersection
point is on the stripe.
Given words w1, w2 and ω made by s and t, let hw1,w2 “ hpw1, w2q be a map on
words so that hw1,w2pωq is the word obtained by replacing s and t in ω by w1 and w2,
respectively. For an integer n, let fn1 “ hps, sntq, fn2 “ hptns, tq, gn1 “ hps, tsnq, gn2 “ hpsnt, tq
and h0 “ hpt, sq, h1 “ hpt, s´1q, h2 “ h1 ˝ h1 “ hps´1, t´1q.The map fn1 induces a isomorphism
xs, t|ωy – xs, t|fn1 pwqy by mapping t to snt and s to s, which is still denoted by fn1 . The similar
argument applies to fn2 . For m odd, let f
n
m “ fn1 . For m even, let fnm “ fn2 . Given p, q ą 0,
suppose q{p “ ra0; a1, a2, . . . , ams is the continued fraction with ai ą 0 and am ą 1. Let fq{p “
f´am`1m ˝ f´am´1m´1 ˝ ¨ ¨ ¨ ˝ f´a11 ˝ f´a00 and F q{p “ f11 ˝ f´12 ˝ fq{p. The maps gnm, gq{p, Gq{p are
defined similarly.
Figure 12. Examples of handle slides
Remark 3. The isomorphisms fnm and g
n
m can be achieved by handle slides. Indeed, if there
are two consecutive intersection points xi and xi`1 in the definition of the standard relation
that correspond to s and t respectively, then the arc of β between xi and xi`1 can be used for
sliding handles. If α1 is slided over α2, then the relation ω becomes f
´1
1 pwq. If α2 is slided over
α1, then the relation ω becomes g
´1
2 pwq. When
pxi, xi`1q “ ps, t´1q, ps´1, tq, ps´1, t´1q, pt, sq, pt, s´1q, pt´1, sq, pt´1, s´1q,
the corresponding maps are
pg11 , g12q, pf11 , f12 q, pg´11 , f´12 q, pf´12 , g´11 q, pg12 , g11q, pf12 , f11 q, pg´12 , f´11 q,
respectively. Two examples are shown in Figure 12.
Lemma 6.3. There are relations between maps:
(i) h0 ˝ h0 “ h2 ˝ h2 “ id;
(ii) fn1 ˝ h1 “ h1 ˝ f´n2 , fn2 ˝ h1 “ h1 ˝ g´n1 ;
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(iii) gn1 ˝ h1 “ h1 ˝ g´n2 , gn2 ˝ h1 “ h1 ˝ f´n1 .
Consider p ą q ą 0 with gcdpp, qq “ 1. Suppose q1 P r0, pq satisfies qq1 ” 1 pmod pq.
Lemma 6.4. The following equations hold:
fq{pps˚pp, q, 2qtsq “ ts, fq{pps˚pp, q, 2qstq “ st, (6.1)
gq{pptss˚pp, q, 2qq “ ts, fq{ppsts˚pp, q, 2qq “ st. (6.2)
Proof. When l “ 2, by definition s˚pp, q, 2q “ stθ2stθ3s ¨ ¨ ¨ stθp´1s. Suppose q{p “
r0; a1, a2, . . . , ams with ai ą 0 and am ą 1. Equations 6.1 can be proven by induction on m.
If m “ 1, then q “ 1 and p “ a1. Thus s˚pp, q, 2q “ sa1´1 and fq{p “ fa1´11 . Equations 6.1
hold.
Suppose Equations 6.1 hold for m “ m0 ´ 1. Since gcdpp, qq “ 1, iq ” q pmod pq implies
i “ 1. Suppose i P r2, p´ 1s. Then qi P r0, kq implies qi P r0, qq. Thus θipp, qq “ 1 if and only if
t
iq
p
u´ t pi´ 1qq
p
u “ 1.
This is equivalent to i “ tjp{qu` 1 “ ja1 ` tjr{qu` 1 for some j P r1, q ´ 1s, where r{q “
r0; a2, a3, . . . , am0s. Thus
s˚pp, q, 2qts “sa1tsa1sθ2pq,rqtsa1 ¨ ¨ ¨ tsa1sθq´1pq,rqtsa1ts
“psa1tqsθ2pq,rqpsa1tq ¨ ¨ ¨ psa1tqsθq´1pq,rqpsa1tqs
“hsa1 t,sps˚pq, r, 2qstq “ fa11 ˝ h0ps˚pq, r, 2qstq,
s˚pp, q, 2qst “psa1tqsθ2pq,rqpsa1tq ¨ ¨ ¨ psa1tqsθq´1pq,rqspsa1tq
“hsa1 t,sps˚pq, r, 2qtsq “ fa11 ˝ h0ps˚pq, r, 2qtsq.
Since fq{p “ h0 ˝ fr{q ˝ h0 ˝ f´a11 and h0 ˝ h0 “ id,
fq{ppps˚pp, q, 2qtsq “ h0 ˝ fr{qps˚pq, r, 2qstq “ h0pstq “ ts,
fq{ppps˚pp, q, 2qstq “ h0 ˝ fr{qps˚pq, r, 2qtsq “ h0ptsq “ st.
By the same method, it can be proven that
tss˚pp, q, 2q “ ga11 ˝ h0psts˚pq, r, 2qq, sts˚pp, q, 2q “ ga11 ˝ h0ptss˚pq, r, 2qq.
Then by induction, Equations 6.2 hold.
Lemma 6.5. The following equations hold:
F q{pptq “ f11 ˝ f´12 ˝ fq{pptq “ h0ps˚pp, q1, 2qtsq.
Gq{pptq “ g11 ˝ g´12 ˝ gq{pptq “ h0psts˚pp, q1, 2qq.
Proof. The proof for two equations are similar. Here is the proof of the first equation.
For i P r2, p´ 1s, by the proof of Lemma 6.4, the number θipp, qq “ 1 if and only if tiq{pu´
tpi´ 1qq{pu “ 1. Thus θipp, qq “ 0 if and only if tipq ´ pq{pu´ tpi´ 1qpq ´ pq{pu “ ´1. This is
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equivalent to tipp´ qq{pu´ tpi´ 1qpp´ qq{pu “ 1, i.e. θipp, p´ qq “ 1. Then
f´11 ˝ h0ps˚pp, q, 2qtsq “s´1ts´θ2pp,p´qqt ¨ ¨ ¨ ts´θp´1pp,p´qqtt
“ s´1h1ps˚pp, p´ qqstqs “t´1h1psts˚pp, p´ qqqt.
Suppose q{p “ r0; a1, a2, . . . , ams with ai ą 0 and am ą 1. The map f´12 ˝ fq{p is#
f´12 ˝ f´am`11 ˝ f´am´12 ˝ ¨ ¨ ¨ ˝ f´a22 ˝ f´a11 m odd,
f´am2 ˝ f´am´11 ˝ ¨ ¨ ¨ ˝ f´a22 ˝ f´a11 m even.
By the extended Euclidean algorithm,
p´ q1
p
“
#
r0; 1, am ´ 1, am´1, . . . , a2, a1s m odd,
r0; am, am´1, . . . , a2, a1s m even.
It can be proven by induction on n that for b{a “ r0; b1, b2, . . . , b2n´1, b2ns,
f´b12 ˝ f´b21 ˝ ¨ ¨ ¨ ˝ f´b2n´12 ˝ f´b2n1 ptq “ h1pts˚pa, bqsq. (6.3)
Indeed, if n “ 1, then f´b22 ˝ f´b11 ptq “ pt´b2sq´b1t “ ps´1tb2qb1t. Equation 6.3 is clear.
Suppose Equation 6.3 holds for n “ n0 ´ 1. Let b1{a1 “ r0; b2, . . . , b2n0´1, b2n0s and b2{a2 “
r0; b3, . . . , b2n0´1, b2n0s. By the proof of Lemma 6.4,
tf b11 ps˚pa2, b2, 2qstqt´1 “th0ps˚pa1, b1, 2qtsqt´1
“ s´1h0ptss˚pa1, b1, 2qqs “s´1gb11 psts˚pa2, b2, 2qqs.
Thus
f´b12 ˝ f´b21 ˝ h1pts˚pa, b, 2qstt´1q “ f´b12 ˝ h1 ˝ f b22 ptf´b22 ˝ f´b11 ps˚pa2, b2, 2qstqt´1q
“ f´b12 ˝ h1ptf´b11 ps˚pa2, b2, 2qstqt´1q “ h1 ˝ gb11 ˝ ps´1gb11 psts˚pa2, b2, 2qqsq
“ h1ps´1psts˚pa2, b2, 2qqsq “ h1pts˚pa2, b2, 2qsq.
Remark 4. By Remark 3, the map fq{p can be regarded as a sequence of handle
slides. Consider the matrix
„rα1s ¨ pras rα2s ¨ pras
rα1s ¨ rms rα2s ¨ rms

. The maps fn1 and f
n
2 induce column
transformations of this matrix, which are still denoted by fn1 and f
n
2 . Then
fq{pp
„
p q
0 1

q “
„
1 1
q1 ´ p q1

and F p
„
p q
0 1

q “
„
1 0
q1 p

.
Proposition 6.6. Up to circular permutation,
h0 ˝ F q{ppωpp, q1, 2, u, vqq “
#
h2pωpp, q, 2, u, vqq v odd,
ωpp, q, 2, u, vq v even.
Proof. Suppose a “ s˚pp, q, 2q and b “ s˚pp, q1, 2q. Then t˚ “ tst and
ωpp, q1, 2, u, vq “ a1t2#a3 ¨ ¨ ¨ t2u# , ωpp, q, 2, u, vq “ b1t2#b3 ¨ ¨ ¨ t2u# .
The word ai´1ti#a
i`1 is one of the following cases:
(i) atsta “ patsqta and a´1ptstq´1a´1 “ a´1t´1patsq´1;
(ii) ata´1 “ patsqtpastq´1 and at´1a´1 “ pastqt´1patsq´1;
(iii) a´1ta and a´1t´1a.
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Thus ωpp, q1, 2, u, vq “ a1# t2a3# ¨ ¨ ¨ t2u , where
ai# “
#
patsqi i “ i`i,
pastqi i “ ´i`i.
By Lemma 6.4 and Lemma 6.5,
F q{ppatsq “ s “ h0ptq, F q{ppastq “ t´1st “ h0ps´1tsq, F q{pptq “ h0pbtsq.
Thus h0 ˝ F q{ppωpp, q1, 2, u, vqq “ c1# pbtsq2c3# ¨ ¨ ¨ pbtsq2u , where
ci# “
#
ti i “ i`i,
ps´1tsqi i “ ´i`i.
The word pbtsqi´1ci#pbtsqi`1 is one of the following cases:
(i) pbtsqtpbtsq “ bptstqbts and pbtsq´1ptq´1pbtsq´1 “ pbtsq´1ptstq´1b´1;
(ii) pbtsqps´1tsqpbtsq´1 “ btb´1 and pbtsqps´1tsq´1pbtsq´1 “ bt´1b´1;
(iii) pbtsq´1tpbtsq and pbtsq´1t´1pbtsq.
Thus h0 ˝ F q{ppωpp, q1, 2, u, vqq “ t1#b2t3# ¨ ¨ ¨ b2u “ bu`1# tu`2bu`3# ¨ ¨ ¨ b3u . The last equation
holds up to circular permutation. The proposition follows from u`i “ p´1qvi.
Proposition 6.7. Up to circular permutation,
h0 ˝Gpp´qq{ppωpp, q1, p, u, vqq “
#
h2pωpp, q, p, u, vqq v odd,
ωpp, q, p, u, vq v even.
Proof. The essential idea of the proof is the same as the above. Now s˚pp, q, pq “ s and
t˚pp, q, pq “ ts˚pp, p´ q, 2qt. Suppose a “ s˚pp, p´ q, 2q and b “ s˚pp, p´ q1, 2q. By analyzing
cases of si´1ti#s
i , there is similar result ωpp, q1, p, u, vq “ a1# t2a3# ¨ ¨ ¨ t2u , where
ai# “
#
pstaqi i “ i`i,
psatqi i “ ´i`i.
By Lemma 6.4 and Lemma 6.5, Gpp´qq{pptq “ stb. Thus h0 ˝Gpp´qq{ppωpp, q1, p, u, vqq “
c1# pstbq2c3# ¨ ¨ ¨ pstbq2u , where
ci# “
#
ti i “ i`i,
ppstbq´1psts´1qpstbqqi i “ ´i`i.
By analyzing cases of pstbqi´1ci#pstbqi´1pstbqi`1 , the similar equation h0 ˝ F q{ppωpp, q1, 2, u, vqq “
t1#b
2t3# ¨ ¨ ¨ b2u holds.
Lemma 6.8 [41]. Let M1 and M2 be Haken manifolds with torus boundaries. If there is an
isomorphism ψ : pi1pM1q Ñ pi1pM2q that induces an isomorphism between pi1pBMiq, then there
exists a map ψ0 : pM1, BM1q Ñ pM2, BM2q inducing ψ.
If, in addition, M1 and M2 are two knot complements and ψ sends the meridian to the other
meridian, then two knots are equivalent.
Proof of the sufficient part of Theorem 1.2. For i “ 1, 2, suppose Ki “ Cppi, qi, li, ui, viq,
Mi “ EpKiq and pmi, liq is the canonical basis of BMi.
By knot Floer homology, constraind knots Ki are not unknots in lens spaces. By Proposition
2.1 EpKiq are Haken manifolds. For li “ 2, let ψ “ h0 ˝ F q{p. For li “ pi, let ψ “ h0 ˝Gpp´qq{p.
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By Proposition 6.6 and Proposition 6.7, the map ψ is an isomorphism. The meridians and
longitudes can be isotoped to lie on Heegaard diagrams so that µ1 “ m,µ2 “ pa and λi are
disjointed with β1. By Remark 3 and Remark 4, the map ψ can be achieved by handle slides of
α curves. After handle slides, the meridian and the longitude are still disjointed with β1, which
implies ψ induces an isomorphism between pi1pBMiq. Moreover, by Lemma 6.5, ψ|BM pµ1q “ µ2.
Thus Ki are equivalent.
7. Magic links
The doubly-pointed Heegaard diagrams of constrained knots and 2-bridge knots are similar,
which inspires the study on magic links.
Definition 5. Suppose 0 ď v ă u and gcdpu, vq “ 1. Especially pu, vq “ p1, 0q is allowed.
A magic link Lpu, vq “ K0 YK1 YK2 is a 3-component link linked as shown in Figure 3,
where K0 is the 2-bridge knot bpu, vq in the standard presentation, K1 and K2 are unknots.
For ´u ă v ă 0, let Lpu, vq be the mirror link of Lpu,´vq. Especially, let Lp1, 1q be the mirror
link of Lp1, 0q.
Remark 5. The name of magic links is from the fact that the link complement S3 ´ Lp3, 1q
is diffeomorphic to the magic manifold studied in [24].
For i “ 1, 2, suppose pi ą 0 and gcdppi, qiq “ 1. LetMpu, v, p1{q1, p2{q2q andK0pu, v, p1{q1, p2{q2q
denote the manifold and the resulting knot K 10 obtained by pi{qi Dehn surgery on Ki.
Proposition 7.1. The manifoldMpu, v, p1{q1, p2{q2q is diffeomorphic toMpu, v, p2{q2, p1{q1q.
Moreover, the knots K 10 in these manifolds are equivalent.
Proof. The components K1 and K2 in the magic link exchange the positions under the
rotation around a vertical line, while K0 remains unchanged.
Remark 6. Manifolds Mpu, v, p1{q1, p2{q2q,Mpu, v, p2{q2, p1{q1q and the corresponding
knots K0 will not be distinguished in the rest of the paper.
Proposition 7.2. For 0 ă v ă u, the link Lpu, u´ vq is the mirror link of Lpu, vq,
i.e. Lpu, u´ vq “ Lpu,´vq. Thus K0pu, v, p1{q1, p2{q2q is the mirror image of K0pu, u´
v, p1{p´q1q, p2{p´q2qq.
Proof. Suppose v{u is represented as the continued fraction r0; a1, a2, . . . , ams and the
2-bridge knot bpu, vq is in the standard presentation. Since pu´ vq{u “ 1´ v{u, by adding
one positive half-twist on the two left strands, the standard presentation related to
r0;´a1,´a2, . . . ,´ams becomes a standard presentation of bpu, u´ vq. After isotoping the
link outside twists related to ai, the link Lpu, u´ vq becomes the mirror link of Lpu, vq.
Lemma 7.3. The diagrams pΣ2, α˚, β1q in Figure 13 are Heegaard diagrams of EpLp3, 1qq.
For i “ 1, 2, meridians mi and longitudes li of Ki can be isotoped to lie on Σ2 as in the
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diagrams. For general pu, vq with 0 ă v ă u, gcdpu, vq “ 1 and v odd, the similar assertion
holds when β1 is replaced by β in the doubly-pointed Heegaard diagram of bpu, vq.
Figure 13. Heegaard diagrams of EpLp3, 1qq, where β1 is omitted in the left figure and α˚ is
omitted in the right figure
Figure 14. Meridians and longitudes on the Heegaard surface
Proof. Consider pu, vq “ p3, 1q. The curve α˚ is separating and β1 is non-separating. The
manifold obtained by attaching 2-handles along α˚ and β1 has 3 boundary components, each of
which is a torus. If two more 2-handles are attached along m1 and m2, the resulting manifold is
Epbp3, 1qq and the longitude l0 of bp3, 1q can be isotoped to lie on Σ2 as shown in the Schubert
normal form. The geometric intersection number of mi and li is one.
Conversely, components of the link corresponding to Heegaard diagrams in Figure 13 can
be obtained by pushing li slightly into the handlebody corresponding to α “ tα˚,m1,m2u
and pushing l0 slightly into the handlebody corresponding to β “ tβ1,m0u, where m0 is the
meridian of bp3, 1q on Σ2. The Heegaard surface can be drawn as in Figure 14. After isotoping
unknot components, it is easy to see the link from these diagrams is equivalent to Lp3, 1q. For
general pu, vq, the proof applies without change.
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For pu, vq with ´u ă v ă 0 and v odd, the corresponding diagram is obtained by reflecting
the diagram of Lpu,´vq along a vertical line. Since Lpu, u´ vq “ Lpu,´vq, Heegaard diagrams
for all v P p´u, uq with gcdpu, vq “ 1 and pu, vq “ p1, 0q, p1, 1q are obtained from this approach.
Such diagrams are called a standard diagram of EpLp3, 1qq.
A resolution of a crossing of a meridian and a longitude is called a positive resolution or
a negative resolution when the meridian turns left or right, respectively, to the longitude in
any direction as shown in Figure 15.
Figure 15. Positive resolution and negative resolution
Corollary 7.4. For i “ 1, 2, suppose pi ą 0 and gcdpp, qq “ 1. The Heegaard diagram
pΣ2, tα1, α2u, β1q of EpK0pu, v, p1{q1, p2{q2qq is obtained by the following way: αi is obtained
by resolving crossings of |pi| copies of mi and |qi| copies of li positively or negatively if qi is
positive or negative, respectively. Especially when ppi, qiq “ p1, 0q, the corresponding αi is mi.
Consider cyclic covers of diagrams of 2-bridge knots bpu, vq as shown in Figure 16. For i P Z,
let ai “ aipu, vq be a red strand connecting the left edge to the right edge and passing through |i|
copies of fundamental domains, where the sign of i determines the direction. Let Ai “ Aipu, vq
be the set consisting of strands that can be isotoped in the complement of basepoints into
the neighborhood of aipu, vq. Some intersections of aipu, vq and β1 can be removed by isotopy.
Intersection points that cannot be removed are shown in Figure 16. Identifying endpoints of ai,
the diagram of a 2-bridge knot bpUpu, v, iq, V pu, v, iqq can be obtained. Let a˚ “ a˚pu, vq and
a# “ a#pu, vq be the strands in Figure 16. For i “ ˚,#, the set Aipu, vq, the functions Upu, v, iq
and V pu, v, iq are defined similarly. For i P Z or i “ ˚,#, consider V pu, v, iq P Z{UZ´ t0u for
U “ Upu, v, iq ą 1. When Upu, v, iq “ 1, consider V pu, v, iq P t0, 1u. In this case, consider special
congruence equations n ” 1 pmod 1q if n is odd, n ” 0 pmod 1q if n is even and ˘n ” ¯m
pmod 1q for n odd and m even.
Lemma 7.5. Suppose pu, vq “ p1, 0q or 0 ă 2v ă u with gcdpu, vq “ 1. For i “
1, 0,´1,´2, ˚,#, the functions Upu, v, iq and V pu, v, iq can be expressed explicitly as follows:
(i) Upu, v, 1q “ u` 2v, V pu, v, 1q “ v;
(ii) Upu, v, 0q “ u, V pu, v, 0q “ v;
(iii) Upu, v,´1q “ u´ 2v, V pu, v,´1q ” v pmod u´ 2vq;
(iv) Upu, v,´2q “ |u´ 4v|, V pu, v,´2q ” v signpu´ 4vq pmod |u´ 4v|q;
(v) Upu, v, ˚q “ 3u´ 4v, V pu, v, ˚q “ u´ v;
(vi) Upu, v,#q “ 3u´ 2v, V pu, v,#q “ 2u´ 2v.
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Figure 16. Cyclic covers of Heegaard diagrams corresponding to pu, vq “ p3, 1q, p7, 1q, p7, 2q
Proof. For fixed pu, vq, let Ri and Si be numbers of rainbows and stripes in the diagram of
bpUpu, v, iq, V pu, v, iqq. Case piiq is trivial, where R0 “ v and S0 “ u´ 2v. Suppose V 1 satisfies
0 ă V 1 ă Upu, v, iq and V 1 ” V pu, v, iq pmod Upu, v, iqq. If 2V 1 ă Upu, v, iq, suppose i “ 0. If
2V 1 ą Upu, v, iq, suppose i “ 1. Then pUpu, v, iq, V pu, v, iqq can be recovered by pRi, Si, iq by
Upu, v, iq “ 2Ri ` Si, V pu, v, iq “ iSi.
Suppose all isotopies on the surface in the following discussion move basepoints.
For Cases (i),(vi), let x1 be the center of the fundamental domain and D1 “ Npx1q contains
two basepoints. Straightening strands isotopes the diagram by rotating D1 clockwise and
counterclockwise by pi, respectively. Equivalently, the new β is obtained by pushing rainbows
on the top edge to the bottom right and bottom left, respectively. Rainbows and stripes satisfy
R1 “ R0, S1 “ 2R0 ` S0, 1 “ 1 and R# “ R0 ` S0, S# “ 2R0 ` S0, # “ ´1.
For Case (v), let x2 be the middle intersection point on the top edge and D2 “ Npx2q contains
all rainbows. Straightening the strand isotopes the diagram by rotating D2 clockwise by pi.
Then R˚ “ R0 ` S0, S˚ “ S0, ˚ “ 1.
For Case (iii), the number Upu, v,´1q is the same as S0. Straightening the strand isotopes
the diagram by rotating D2 counterclockwise, which induces the formula for V pu, v,´1q. This
isotopy can also be regarded as pulling back rainbows once.
For Case (iv). there are three situations that S0 ą 2R0, 2R0 ą S0 ą R0 and R0 ą S0,
equivalently u ą 4v, 4v ą u ą 3v and 3v ą u ą 2v, respectively.
Suppose S0 ą 2R0 (e.g. pu, vq “ p7, 1q, p13, 3q). In this case V pu, v,´1q “ v. Straightening the
strand isotopes the diagram by pulling back rainbows twice. Then pUpu, v,´2q, V pu, v,´2qq is
obtained by applying Case (iii) twice, i.e. Upu, v,´2q “ u´ 4v, V pu, v,´2q ” v pmod u´ 4vq.
Suppose 2R0 ą S0 ą R0 (e.g. pu, vq “ p7, 2q, p15, 4q). It can be found in the diagram that
Upu, v,´2q “ 2R0 ´ S0 “ 4v ´ u, V pu, v,´2q “ 3R0 ´ 2S0 “ 7v ´ 2u.
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Suppose R0 ą S0 (e.g. pu, vq “ p7, 3q). Straightening the strand isotopes the diagram by
rotating D2 counterclockwise by pi. Equivalently, this isotopy comes from reversing the isotopy
in Case (v). Then R´2 “ R0 ´ S0, S´2 “ S0, ´2 “ 1, Upu, v,´2q “ 4v ´ u, V pu, v,´2q “ 3v ´
u.
Remark 7. Indeed, for any i P Z, functions Upu, v, iq and V pu, v, iq can be expressed
explicitly. For i ą 0, Upu, v, iq “ u` 2iv, V pu, v, iq “ v. Functions are more complicated for
i ă 0.
Lemma 7.6 [24]. The manifold Mpu, v, p1{q1, p2{q2q is diffeomorphic to the lens space
Lpp1p2 ´ q1q2, p1p12 ´ q1q12q, where p2q12 ´ q2p12 “ ´1.
Theorem 7.7. Suppose pu0, v0q “ p1, 0q or 0 ă 2v0 ă u0 with gcdpu0, v0q “ 1. Let Ui “
Upu0, v0, iq and Vi “ V pu0, v0, iq. The knot K0 “ K0pu0, v0, p1{q1, p2{q2q is identified with a
constrained knot Cpp, q, l, u, vq in following cases:
Case Conditions pl ´ 1, u, vq
(i) p2 “ 1, q1q2 ă 0 p´q1q2, U0, V0q
(ii) p2 “ 1, q2 ą 1, q1 ą p1 ą 0, U´1 ě U´2 pp1, U´1, V´1q
(ii1) p2 “ 1, q2 ą 1, q1 ą p1 ą 0, U´1 ă U´2 pq1q2 ´ 2p1, U´2, V´2q
(iii) p2 “ 1, q2 ă ´1,´q1 ą p1 ą 0 pq1q2 ´ 2p1, U˚, V˚q
(iv) pp2, q2q “ p1, 0q p0, U0, V0q
(v) p1 ą 1, |q1| “ 1, q1q2 ă 0 p´q1q2, U0, V0q
(vi) p1 ą 1, q1 “ 1, p2 ą q2 ą 0 pp1p2 ´ 2q2, U1, V1q
(vii) p1 ą 1, q1 “ ´1, p2 ą ´q2 ą 0 p´p2, p1p2 ` 2q2, U#, V#q
(viii) pp1, q1q “ p0, 1q p0, U´1, V´1q
(ix) pp2, q2q “ p1, 1q, q1 ą 0, pp1, q1q ‰ p1, 1q p˘q1, Un, Vnq for some n P Z
(x) pp2, q2q “ p1,´1q, q1 ă 0, pp1, q1q ‰ p1,´1q l ´ 1 “ ˘q1
In Cases (i)-(iv), pp, qq “ pp1p2 ´ q1q2, q1q. In Cases (v)-(viii), pp, qq “ pp1p2 ´ q1q2, q1p2q.
Proof. Consider Case (i) at first. Suppose q2 ą 0 and |q1| “ ´q1. Let α1, α2 be curves
described in Corollary 7.4 and l11 be the curve obtained by sliding l1 over α2. An example with
q2 “ 3 is shown in Figure 17. Let α11 be obtained by taking p1 copies of m1 and |q1| copies of
l11 and resolving negatively. Then pΣ2, tα11, α2u, β1q is a Heegaard diagram of EpK0q.
There are p1 ´ q1q2 strands connecting the left edge to the right edge. The cardinals of
A0pu0, v0q and A´1pu0, v0q are p1 and ´q1q2, respectively. The diagram is identified with
the diagram of EpCpp1 ´ q1q2, q1,´q1q2 ` 1, u0, v0qq (c.f. Figure 10). Doubly-pointed Heegaard
diagrams of two knots are also the same. When q2 ă 0, the proof applies without change.
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Figure 17. Heegaard diagram from 1/3 Dehn surgery, where β1 and l1 are omitted
Cases (ii)-(iv) are proven by the same strategy. In Case (ii), let α11 be the curve as above.
It is the union of strands with endpoints on vertical edges. The definition of rainbows applies
to these strands. Since q1 ą p1, after removing p1 rainbows on the right edge and isotoping
strands, there are q1q2 ´ 2p1 strands and p1 strands in A´1 and A´2, respectively. The choice
of Case (ii) and Case (ii1) depends on U´1 and U´2.
In Case (iii), sets pA´1, A´2q in the above proof is replaced by pA´1, A˚q. And |A´1| “
q1q2 ´ 2p1, |A˚| “ pi. By Lemma 7.5, the number U˚ is always greater than U´1. In Case (iv),
all strands are in A0.
For proofs of Cases (v)-(viii), the diagram pΣ2, tα11, α2u, β1q is replaced by pΣ2, tα1, α12u, β1q,
where α12 is obtained by sliding m2 over α1. The proofs are similar.
For Cases (ix),(x), diagrams are more complicated. By Proposition 1.1, the knot in the
resulting manifold is constrained. And the parameter l can be obtained by counting the number
of strands in the same set.
Corollary 7.8. Suppose p ą q ą 0 and gcdpp, qq “ 1. The choices of l from Theorem 7.7
are following cases:
Cases l ´ 1
(i),(v) with q2 ą 0 and (iv),(viii),(ix) ˘nq, where nq P r0, pq
(i),(v) with q2 ă 0 and (iv),(viii),(x) ˘npp´ qq, where npp´ qq P r0, pq
(ii) rp{qsq ´ p
(ii1),(vi) 2p´ rp{qsq
(iii),(vii) 2p´ rp{pp´ qqspp´ qq
For pu0, v0q “ p1, 1q or 0 ă ´2v0 ă u0, the surgery description can be induced similarly.
Consider pu0, v0q “ p1, 0q in Theorem 7.7. On the one hand, the manifold EpLp1, 0qq is
diffeomorphic to S1 ˆ F , where F is a disk with two holes. For p1p2 ‰ q1q2, the knot
K0p1, 0, p1{q1, p2{q2q is a torus knot. On the other hand, Cases (iii), (vii) in Theorem 7.7
Page 31 of 37
gives pu, vq “ p3,˘1q. By Corollary 7.8, for p ą q ą 0, the knot Cpp,˘q, 2p´ rp{qsq ` 1, 3,˘1q
is a torus knot.
Theorem 7.9. The knot Cpp, q, 1, u, vq is the connected sum of the 2-bridge knot bpu, vq
and the core knot Cpp, q, 1, 1, 0q of Lpp, q1q, where qq1 ” 1 pmod pq.
Proof. By Case (iv) in Theorem 7.7, the knot Cpp, q, 1, u, vq is identified with
K0pu, v, p{q, 1{0q, which is obtained by p{q surgery on the meridian of bpu, vq. By Corollary 3.9,
the knot Cpp, q, 1, 1, 0q is the core knot, which is obtained by p{q surgery on one component of
the Hopf link.
8. 1-bridge braid knots
Definition 6. A knot in the solid torus S1 ˆD2 is called a 1-bridge braid if it is isotopic
to a union of two arcs γ Y δ such that γ Ă BpS1 ˆD2q is braided, i.e. transverse to each meridian
tptu ˆ BD2, and δ is a bridge, i.e. properly embedded in some meridional disk tptu ˆD2.
1-bridge braids are denoted by Bpw, b, tq (c.f. [12]), where w ą 0 is the winding number,
b P r0, w ´ 2s is the bridge width and t P r1, w ´ 1s is the twist number. When b “ 0, it can
be isotoped to lie on the boundary torus. Let Bpw,w ´ 1, tq denote Bpw, 0, t` 1q.
After isotoping, the arc γ is lifted to a straight line in the universal cover R2 of BpS1 ˆD2q,
which is still denoted by γ. Suppose γ connects p0, 0q to pt1, wq, where t1 P QX rt, t` 1q. Let
Bpw, spγqq denote this 1-bridge braid, where spγq “ t1{w is called the inverse slope of γ.
Suppose s “ n{d with gcdpn, dq “ 1. Suppose ni P r0, dq and ni ” in pmod dq. The parameter
b is the same as the cardinal of the set ti P r1, w ´ 1s|ni ă nwu.
Definition 7. Suppose 0 ă q ă p and gcdpp, qq “ 1. Let Bpw, spγq, p, qq denote the knot
in the lens space Lpp, qq obtained by Dehn filling pS1 ˆD2, Bpw, spγqqq along the curve with
slope p{q. They are called 1-bridge braid knots.
Proposition 8.1. The 2-variable Alexander polynomial of a 1-bridge braid Bpw, spγqq is
∆ps, tq “
w´1ÿ
i“0
sit
ři
j“1 θj ,
where s represents the core of the solid torus, t represents the meridian of the braid, θj “ 1 if
ni ă nw, and θj “ 0 if ni ą nw for j P r1, w ´ 1s.
Proof. Suppose H “ S1 ˆD2 ´Npδq is the genus two handlebody and D is the cancelling
disk of δ. It has two meridian disks tptu ˆ BD2 and D. Suppose their boundaries are α1
and α2, β “ BNpγq and Σ “ BH. Then pΣ, tα1, α2u, βq is a Heegaard diagram of S1 ˆD2 ´
NpBpw, spγqqq. It induces a presentation of the fundamental group
pi1 “ xs, t|ωtω´1t´1y,
where ω “ stθ1stθ2s ¨ ¨ ¨ stθw´1s (c.f. Section 6). Then the result follows from the Fox calculus.
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Let Fn be the n-th Farey sequence, i.e. all rational numbers x{y with 0 ď x ď y and
gcdpx, yq “ 1 listed in the increasing order. For fixed w, suppose f´, f` are successive terms
in Fw´1. For any two 1-bridge braids with inverse slopes s2, s2 P pf´, f`q, there is an isotopy
between them. If spγq P pf´, f`q, the interval Spγq “ rf´, f`s is called the simple interval of
γ. Two examples are shown in Figure 8.
For gcdpw, tq “ 1, the knot Bpw, t{w, p, qq is the pw, tq torus knot in Lpp, qq. Suppose f˘ “
n˘{d˘ with gcdpn˘, d˘q “ 1. If d˘|w, then the knot Bpw, spγq, p, qq with spγq P pf´, f`q is the
p1,¯w{d˘q cable knot of pd˘, nw{d˘q torus knots in Lpp, qq, respectively (c.f. [14] Section 3.1).
The braids in the above two cases are calld torus braids and cable braids, respectively. In
other cases, the braid Bpw, spγqq is called a strict braid.
Theorem 8.2. The knot Bpw, spγq, p, qq is a simple knot if and only if q{p P Spγq. In this
case, it is the simple knot Spp, q, wqq.
Proof. The sufficient part is proven by isotoping the arc γ so that it has the inverse slope
q{p. If q{p “ f˘, then let the slope of γ be f˘ ¯  for small  ą 0. Then the diagram is the same
as the doubly-pointed Heegaard diagram of Spp, q, wq. The necessary part for a strict braid is
shown by [14] Theorem 3.2. When Bpw, spγqq is not strict, the proof of [14] Theorem 3.2 still
applies because d˘ ă w.
Figure 18. 1-bridge
braid in R2 Figure 19. Simple intervals
For w ď 3 any simple knot is from a torus braid and for w ď 4 any simple knot is from either
a torus braid or a cable braid. For w ě 4, the union of the simple intervals for torus braids and
cable braids are shown in Figure 8, where red arcs represent torus braids (they are Berge-Gabai
knots of Type I, c.f. [11, 2, 3]), blue arcs represent p1,˘2q cable braids (they are Berge-Gabai
knots of Type II) and green arcs represent other cable knots.
Proof of Theorem 1.7. Without loss of generality, suppose v “ 1. The proof is inspired by
Figure 8. The constrained knot is the union of two arcs a and b joining z to w in T 2 ´ α1 and
T 2 ´ β1, respectively, pushed slightly into the α1-handlebody and the β1-handlebody. The arc
a can be chosen as a horizontal one, and there are infinitely many choices of isotopy classes of
b on the surface. Let γi denote different choices of b for i P Z. All choices induce the same knot
because they are isotopic in the handlebody.
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Suppose lifts of w in the universal cover R2 are lattice points. Then Figure 8 lies in the narrow
band with dotted boundaries in Figure 8. The slope of the boundary is p{q1 by definition of
constrained knots. For large i, the arc γi can be isotoped to a straight one, which implies the
union of a and γi is a 1-bridge braid in the α1-handlebody.
Figure 20. Arc γi of Cp5, 3, 2, 3, 1q in the
standard diagram
Figure 21. Arc γi of Cp5, 3, 2, 3, 1q in R2
It is possible to find the explicit formula of Bpwpγiq, sq in Theorem 1.7. Suppose λ “ pqq1 ´
1q{p,  “ 0 if l ` q ď p and  “ 1 if l ` q ą p. Suppose γ0 is the first arc that can be straightened
in the lift of T 2 ´ β1. The part of γi lies between two parallel subarcs of β1 is called in the
generalized rainbow. The parameter wpγiq is the same as |γi X α1|. Thus
wpγiq “ ppu´ 3q ` 2pp´ l ` 1q ` pq ` l ´ 1´ pq ` pi “ ppu´ 1´ ` iq ` q ´ l ` 1,
where ppu´ 3q ` 2pp´ l ` 1q is from the part in two generalized rainbows and pq ` l ´ 1´
pq ` pi is from the remain part. Any lift of w in the left annulus has the coordinate pλ`
nq1, q ` npq for some n P Z. The closest lift of w near γi other than p0, 0q has the coordinate pλ`
n0q
1, q ` n0pq with n0 “ pu´ 1q{2´ ` i. It lies at the place where γi leaves the generalized
rainbow. Thus, the inverse slope of γi is
λ`n0q1
q`n0p ´ r for small rational number r.
In practice, it is possible to determine if a constrained knot Cpp, q, l, u, 1q is from a torus or a
cable braid. For example, consider pl, u, vq “ p2p´ rp{qsq ` 1, 3, 1q and i “ 0, then  “ 1, n0 “ 0
and ω “ p1` rp{qsqq ´ p. The inverse slope is λ{q ´ r. Suppose x “ p1` rp{qsqλ´ q1. Since
λ
q “ x`q
1
w`p , the rational number x{w is in Spγ0q, i.e. γ0 is isotopic to the arc with inverse slope
x{w. Thus Cpp, q, 2p´ rp{qsq ` 1, 3, 1q is a torus knot. This is consistent with the example from
the magic link Lp1, 0q.
9. SnapPy manifolds
A compact orientable manifold M with torus boundary is called a 1-cusped hyperbolic
manifold if the interior of M admits a hyperbolic metric of finite volume. All 1-cusped
Page 34 of 37 FAN YE
hyperbolic manifolds that have ideal triangulations with at most 9 ideal tetrahedra are included
in SnapPy [7]. They are called SnapPy manifolds.
Suppose M is a 1-cusped hyperbolic manifold and γ is a simple closed curve on BM . The
pair pM,γq is called an exceptional filling if Dehn filling along γ gives a nonhyperbolic
manifold Mpγq. For such pM,γq, the core of the filling solid torus induces a knot in Mpγq.
The induced knot KpM,γq is called a SnapPy knot if M is a SnapPy manifold. Dunfield
provided a census of exceptional fillings for SnapPy manifolds [9]. In this census, there are
44487 exceptional fillings pM,γq, covering 38056 different SnapPy manifolds, for which Mpγq
is a lens space. Suppose Mpγq “ Lpp, qq and m is the meridian of K “ KpM,γq.
If H1pM ;Zq – Z and it is generated by t, then τpKq “ ∆Kptq{p1´ tq. The Alexander
polynomial only depends on M and can be found in SnapPy. By Lemma 5.7 χp{HFKpKqq
is calculated. Suppose it is
ř
ait
i. Since rms “ tp, the Euler characteristic is decomposed into
p polynomials
ř
i”i0 pmod pq ait
i for i0 P r0, pq. Suppose Fi0ptq “
ř
i”i0 pmod pq ait
pi´i0q{p and
fiptq are images of Fiptq in Zrts{ ˘ ptq. The exceptional filling pM,γq has n form(s) if the set
tfiptq|i P r0, pqu has n elements.
If Fiptq is a monomial for any i, then pM,γq has 1 form. By Theoerem 1.5, the Euler
characteristic must be the same as the simple knot in the same homology class. Such pM,γq is
called a simple filling. It may not induce a simple knot.
The constrained knot Cpp, q, 1, u, vq is not hyperbolic since it is satellite. If Fiptq is alternating
and symmetric for any i and pM,γq has 2 forms, then K might be a constrained knot
Cpp, q1, l, u, vq with l ą 1, u ą 1 and q1 ” ˘q˘1 pmod pq. As in the proof of the necessary part
of Theorem 1.2, a tuple of virtual parameters pl, u, vq can be calculated by Fip´1q. On the
other hand, given pp, q1, l, u, vq, the characteristic of the corresponding constrained knot is given
by Theorem 4.6. If χp{HFKpKqq is equivalent to χp{HFKpCpp, q1, l, u, vqq for virtual parameters
pl, u, vq, then pM,γq is called a constrained filling. If symmetrized Alexander polynomials
of K and Cpp, q1, l, u, vq are the same, then pM,γq is called a general constrained filling. If
H1pM ;Zq – Z, then pM,γq is a constrained filling if and only it is a general constrained filling.
If TorpH1pM ;Zqq is nontrivial, then the Turaev torsion is calculated by a presentation of
pi1pMq. SnapPy provides a presentation and words of the preferred meridian and the preferred
longtide. By the filling slope from Dunfield’s census, the homology class rms P H1pM ;Zq is
obtained. The algorithm described above also works and definitions apply in this case.
The codes in [44] construct complements of constrained knots in SnapPy by functions
in the Twister package. Then function M.identify() in SnapPy tells us if the manifold with
a constrained filling is the complement of a constrained knot. Mirror manifolds are not
distinguished here.
In Dunfield’s census, there are 16355 simple fillings and 8537 constrained fillings, covering
15262 and 8508 SnapPy manifolds, respectively. All 15262 and 8421 of 8508 SnapPy manifolds
are complements of simple knots and constrained knots, respectively. There are 1838 manifolds
that are both complements of simple knots and constrained knots with u ą 1. Thus, there are
21845 SnapPy manifolds that are complements of constrained knots in lens spaces. Other than
these manifolds, there are 77 SnapPy manifolds that are complements of 2-bridge knots, which
are special cases of constrained knots.
The choice of the slope in a constrained filling is subtle. For example, suppose M “ m003
and γ1 “ p´1, 1q, γ2 “ p0, 1q in the basis from SnapPy. Then both Mpγ1q and Mpγ2q are
diffeomorphic to Lp5, 4q and M is the complement of Cp5, 4, 5, 3, 1q. Indeed, there is an isometry
of M sending γ1 to γ2. Both Mpγ1q and Mpγ2q induce the same knot Cp5, 4, 5, 3, 1q. All 9
pairs of slopes in Dunfield’s census with this subtlety are from isometries, except the case
M “ m172, γ1 “ p0, 1q, γ2 “ p1, 1q. Manifolds Mpγ1q and Mpγ2q are oppositely oriented copies
of the same lens space. The first slope induces Sp49, 18, 7q and the second induces Sp49, 18, 21q
(up to mirror image), which are not equivalent. This example is interesting in the study of
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cosmetic surgery [4]. In a word, if the SnapPy knots induced by 15262+8421=23683 constrained
fillings in the above discussion are all constrained knots.
There are 87 SnapPy manifolds with constrained fillings but not complements of constrained
knots. For such a manifold, either the constrained knot with corresponding virtual parameters is
not hyperbolic, or there is another SnapPy manifold which is the complement of the constrained
knot with the same parameters. For example, the manifold m390 has a constrained filling p1, 0q
with virtual parameters p7, 4, 7, 5, 2q, while EpCp7, 4, 7, 5, 2qq is diffeomorphic to s090.
If TorpH1pM ;Zqq is nontrivial, then there are 54 general constrained fillings that
are not constrained fillings. For example, manifolds M1 “ m400 and M2 “ m141 sat-
isfy |TorpH1pMi;Zqq| “ 2 and ∆Miptq “ t5 ´ t4 ` t2 ` t´2 ´ t´4 ` t´5 for i “ 1, 2 and
M1p1, 1q –M2p´1, 1q – Lp18, 13q. Both manifolds have general constrained fillings and M2 –
EpCp18, 3, 18, 3, 1qq. Calculation shows pM1, p1, 1qq is not a constrained filling, i.e. the Euler
characteristic of the induced knot is different from that of Cp18, 3, 18, 3, 1q.
For exceptional manifolds in Proposition 1.8, manifolds m206 and m370 have exceptional
fillings with 2 forms and have virtual parameters pl, u, vq “ p5, 5, 2q, p8, 5, 2q respectively.
Unfortunately, both exceptional fillings are not general constrained fillings. The manifold m390
is discussed above. For other 5 manifolds, there is no lens space filling (even S1 ˆ S2 filling).
It is harder to obtain information about Heegaard Floer theory.
Definition 8. Suppose K is a knot in Y “ Lpp, qq and H1pEpKq;Zq – Z‘ Z{dZ –
xt, rypdrq. By the excision theorem, Poinca´re duality and the universal coefficient theorem,
H2pY,K;Zq – H2pEpKq, BEpKq;Zq – H1pEpKq;Zq – HompH1pEpKq;Zq,Zq – Z.
Suppose S is a connected, oriented and proper embedded surface representing the generator
of H2pEpKq, BEpKq;Zq. It is called a Seifert surface of K. Let the genus gpKq and the
Thurston norm xprSsq be the minimal values of gpSq and ´χpSq among all Seifert surfaces,
respectively.
Definition 9. For a generator x of {HFKpY,Kq, suppose grpxq “ at` br P H1pEpKq;Zq.
Let gr0pxq be the number a. The width of {HFKpY,Kq is the maximal value of | gr0pxq ´ gr0pyq|
among any pairs of generators px, yq. Suppose generators x0, y0 satisfy width {HFKpY,Kq “
| gr0px0q ´ gr0py0q|. For a fixed generator x1, suppose Hpx0q is the subgroup of {HFKpY,Kq
generated by generators x satisfying gr0pxq “ gr0px0q. The top rank of {HFKpY,Kq is the
rank of Hpx0q bQ.
Theorem 9.1 [27, 20]. Consider Y,K, S in Definition 8 such that EpKq is irreducible.
Suppose m is the meridian of K. Then the width of {HFKpY,Kq equals to xprSsq ` |rms ¨ rBSs|,
where rms ¨ rBSs is the algebraic intersection number on BEpKq.
Proposition 9.2. Consider Y,K, S in Definition 8. Suppose pm, lq is the canonical basis of
K. Let n be the minimal number of boudary components of a Seifert surface. Then |rms ¨ rBSs| “
p{d and n “ gcdpd, p{dq. Thus,
xprSsq “ widthp{HFKpY,Kqq ´ p{d and gpKq “ 1` xprSsq ´ gcdpd, p{dq
2
.
Proof. Suppose rKs “ krbs, where rbs is a generator of H1pY ;Zq. Since d “ gcdpp, kq, the
order of rKs in H1pY ;Zq is p{d. By Poinca´re duality and the universal coefficient theorem,
H2pEpKq;Zq – H1pEpKq, BEpKq;Zq – HompH1pEpKq, BEpKqq,Zq “ 0.
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By the long exact sequence from pEpKq, BEpKqq, the boundary map H2pEpKq, BEpKq;Zq Ñ
H1pBEpKq;Zq is injective and the image is the kernel of the map H1pBEpKq;Zq Ñ
H1pEpKq;Zq. Since H1pEpKq;Zq{prmsq – H1pY ;Zq, rBSs “ ˘pxrms ` p{drlsq for some x P Z.
Then |rms ¨ rBSs| “ p{d and n “ gcdpx, p{dq.
Let rms, rls also denote images in H1pEpKq;Zq. By Lemma 5.2, rms “ ˘pp{dqt` ar with
gcdpp{d, d, aq “ 1. Suppose rls “ yt` zr for some y, z P Z. Since rBSs is in the kernel of
H1pBEpKq;Zq Ñ H1pEpKq;Zq, the number xa` pp{dqz is divisible by d. Suppose n0 “
gcdpd, p{dq. Then gcdpn0, aq “ 1 and n0|xa` pp{dqz. Thus n0|x and n0|n. On the other
hand, suppose l˚ is the homological longitude. Then nrl˚s “ rBSs and the image of rl˚s in
H1pEpKq;Zq is wr for some w P Z. Thus n|d and n|n0. This induces n “ n0.
Finally, the fibreness of knots are from the following theorem.
Theorem 9.3 [26, 20]. Consider Y,K, S in Definition 8 such that EpKq is irreducible. If
the top rank of {HFKpY,Kq is 1, then K is fibred with fiber S.
Proof. Suppose Y pSq is the balanced sutured manifold pN, νq, whereN “ Y z IntpS ˆ Iq and
ν “ BS ˆ I. Lemma 3.9 and the proof of Theorem 1.5 in [20] imply the rank of SFHpY pSqq
is the same as the top grading of {HFKpY,Kq. Then Y pSq is a product sutured manifold by
Theorem 9.7 in [20].
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